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ABSTRACT
Design of Protective Structures for Optimal Blast and Impact Mitigation
by
Tanaz Rahimzadeh
Chairs: Ellen M. Arruda, Michael Thouless
Design of blast-resistant and impact-resistant armor requires an understanding of how
blast/impact load on structures look, how structures are damaged by blast/impact,
and how the effects of blast/impact can be dissipated by the armor in an optimal
manner. The focus of this dissertation is on these challenges to propose a systematic
design approach for armor with optimal blast/impact mitigation capabilities. The
objective is to study concurrently the mechanics of blast/impact, the mechanics of
damage to structures due to blast/impact, and the mechanics of mitigating effectively
the damaging features of blast/impact through the design of armor. The systematic
design approach proposed in this research is missing in the solid mechanics literature
in which the design of armor has used observation and experience rather than theory
and optimization.
In this dissertation, the contact/impact behavior of spherical shells with varying
shell thickness to shell outer radius ratios has been investigated analytically and com-
putationally to identify the major features of an impact pulse exerted on a structure.
A simple dynamic model of the protected structure has also been developed to iden-
xv
tify the features of a blast/impact responsible for the stress (damage) on the delicate
target within the protected structure. These damaging features include both the peak
pressure and the impulse delivered to the structure. This study examines how lay-
ers of elastic, plastic, and visco-elastic materials may be assembled to mitigate these
features. The impedance mismatch between two elastic layers is known to reduce
the pressure, but dissipation is required to mitigate the transmitted impulse in light-
weight armor. A novel design concept called impact or blast tuning is introduced in
which a multi-layered armor is used to tune the stress waves resulting from an impact
or blast to specific frequencies that match the damping frequencies of visco-elastic
layers. Moreover, the dimensionless material and geometrical parameters controlling
the viscous dissipation of the energy within the armor are identified for a simplified
one-dimensional system, to provide insight into how the optimal design of multi-use
armor might be based on this concept.
xvi
CHAPTER I
Project Motivation and Outline
In the US military, the Advanced Combat Helmet (ACH) is one of the main pieces
of equipment used for head protection against blast and ballistic loading. Wearing
the current ACH design near an explosion (blast) can still produce a range of injuries
called blast-born Traumatic Brain Injury (TBI). Blast-born TBI is generally consid-
ered as a signature injury of current military conflicts, with costly and life-altering
long-term effects. Soldiers with blast-born TBI mostly suffer from headaches, sleep
disturbances, delayed reaction time during problem solving as well as disturbances
in attention, memory, or language. Often, the most troubling symptoms of TBI
are behavioral ones such as mood changes, depression, anxiety, impulsiveness, and
emotional outbursts [14, 115]. Similarly, mild Traumatic Brain Injury (mTBI), also
known as concussion, is a serious injury resulting from impact in most contact sports
including professional football. Concussion manifests several physical, psychologi-
cal, and cognitive symptoms as well. The symptoms associated with concussions are
mostly transient. However, there are cases with lasting symptoms such as memory
impairment which can last for months or Post-Concussion Syndrome (PCS) which
can take months or even years to be resolved. PCS occurs in situations in which an
athlete is not properly treated after a concussion [94, 112, 133]. Beside blast-born
TBI in military battles and concussion in professional football, there are several other
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impact-born threats causing brain injuries regardless of whether one is wearing pro-
tective equipment. These threats include motorcycle crashes, typical falls/collisions
in hockey, baseball, soccer, biking, skateboarding, skiing, and lacrosse and finally ac-
cidents for fire fighters and construction workers. For all of these threats, wearing a
helmet can reduce the risk of a severe head injury. However, no helmet design has
been proven to effectively prevent brain injuries. Therefore, there is an urgent need
to battle TBI and concussion by redesigning head protection systems with superior
blast/impact mitigation capabilities.
Traditionally, the design of blast-resistant and impact-resistant protective struc-
tures has used observation and experience rather than theory and optimization. This
limitation is addressed in this thesis by proposing a systematic rather than empirical
design approach in which the focus is on the features of a blast/impact that sensitive
targets need to be protected against, and on how protective structures might be opti-
mized to achieve this. A novel design concept of blast/impact tuning and mitigation
is proposed which drastically improves the performance of blast-resistant and impact-
resistant protective structures, in particular, helmets. This original design idea is a
simple, applicable, and creative solution to TBI in military conflicts and concussion
in professional football and other aforementioned impact-born threats.
The challenges in proposing effective design strategies for protective structures are
to understand and consider concurrently: 1) the mechanics of blast/impact in these
threats; 2) the mechanics of damage to the behind-armor target due to blast/impact;
and 3) the mechanics of how to mitigate effectively the damaging features of blast/impact
through the design of protective structures. The objective of this thesis is to focus on
these challenges. Specifically, Chapter 2 first reviews the literature on the studies and
research already done to describe these three mechanics issues: 1) the contact/impact
2
behavior of full rigid spheres and thin (plane stress) spherical shells; 2) the head re-
sponse to mechanical impact, hypothesized injury mechanisms including hypothesized
brain injury criteria; and finally 3) blast mitigation strategies and impact mitigation.
The current state of understanding along with the gaps and limitations in each topic
are discussed in detail.
Chapter 3 focuses on identifying and understanding the major features of a blast
pulse or an impact pulse exerted on a structure. First, the existing mechanics of blast
is reviewed to identify the profile and parameters of the blast wave and most impor-
tantly, the profile and significant features of the pressure wave exerted on a surface as
the blast wave impinges on the structure. Moreover, the contact behavior of spherical
shells with intermediate shell thickness to shell outer radius ratios is investigated. A
computational analysis is performed to assess the load-deflection behavior of spherical
shells with intermediate shell thickness to shell outer radius ratios subjected to axial
compression from a rigid flat plate under quasi-static loading. To verify the validity
of the numerical simulations, the results are validated against the existing contact
laws. Then, using the derived contact load-deflection relationships and incorporating
Newton’s second law of motion, the parametric formulations for the major features
of the impact of spherical shells are extracted.
Chapter 4 investigates the dynamic response of a typical protected system to
a transmitted blast load or impact load to pinpoint the damaging features of the
blast/impact. The protected system considered in this study involves a supporting
structure and a delicate target, modelled by two point masses and coupled by either
an elastic spring or a combination of an elastic spring and a dissipative dashpot. The
motivation for this assumption is a simple model of a head that can be envisaged as
a brain coupled to a skull through cerebrospinal fluid. In the former approach, the
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brain and the celebrospinal fluid are assumed to be elastic while in the latter, the
viscoelastic behavior of the brain is taken into account. In this chapter, the dam-
aging features of the transmitted blast load or impact load responsible for stress (or
acceleration) on the delicate target (i.e. brain) are identified.
In Chapter 5, the detailed mitigation approaches of the identified damaging fea-
tures of a transmitted blast load or impact load are discussed. The alternative
strategies to dissipate the transmitted pressure and the transmitted impulse are ex-
plored. Available strategies to mitigate the transmitted pressure include impedance
mismatch, visco-elasticity and plasticity. Available solutions to mitigate the trans-
mitted impulse involve energy dissipation in visco-elastic polymers and plastic foams.
Chapter 6 introduces a novel design concept called “blast/impact tuning and mit-
igation” involving a multi-layered structure in which the outer layers tune the trans-
mitted blast/impact stress wave to match the critical damping frequency of the inner
visco-elastic layer. As the high frequency stress wave travels through this visco-elastic
layer, it undergoes multiple loading-unloading cycles which can result in significant
energy dissipation over a short duration and distance. The dimensionless material
and geometrical parameters controlling viscous energy dissipation are identified to
provide insight into how one might undertake the optimal design of a protective
structure based on this novel concept. The dominant performance of the proposed
design in mitigating both the transmitted pressure and the transmitted impulse is
compared to the elastic design and plastic design.
In Chapter 7, two impact-born threats are reviewed in terms of impact character-
istics. This investigation provides a useful tool for design optimization and clarifies
the sensitivity of each impact characteristic with respect to material and geometrical
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parameters of protective structures. Moreover, it makes costly (in terms of memory
and time) computational analysis and costly (in terms of time and price) experimen-
tal analysis of impact events in these impact-born threats unnecessary. Finally, it
may suggest the proper design strategies/regimes.
Finally, Chapter 8 briefly summarizes the work presented in this thesis, highlight-
ing the significance of the results obtained and suggesting future efforts in developing
blast-resistant and impact-resistant protective structures.
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CHAPTER II
Introduction
2.1 Literature Review
2.1.1 Contact/Impact Mechanics in Solids
In contact mechanics, the contact behavior of a deformable spherical shell loaded
by a rigid flat plate has received considerable attention among researchers. The first
analytical solution for the deflection (displacement, δ) of a thin elastic spherical shell
under a load (F ) was given by Reissner [100] in which a system of equations for the
direct stress resultants, transverse shear stress resultants, stress couples, and small
strains of the spherical shell was derived by solving the equations of equilibrium, com-
patibility, and Hooke’s Law in plane stress. Reissner also provided a load-deflection
relationship which depends on the shell thickness to outer radius ratio (h1/R1) and
its material properties - Young’s modulus (E1) and Poisson’s ratio (ν1). Later, Up-
dike [125, 126, 127, 124] studied the load-deflection behavior of an elastic, thin, hemi-
spherical shell being compressed by a flat, rigid surface based on large deflection
shell theory and concluded that when the load increases, and the shell deflection to
thickness ratio, δ/h1, reaches ≈ 2, there is a change in deformation configuration.
For low applied forces, the contact region lies flat against the rigid plate (config-
uration I) and for higher compression forces, the flattened region buckles forming
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a circular fold (configuration II). The discontinuous transition between configura-
tions I and II generates a dissipative hysteresis [93]. Other researchers attempted
theoretically [29, 107, 136, 73, 69], experimentally [107, 64, 93, 42], and computation-
ally [64, 41, 42, 72] to improve and validate the contact theory of thin-walled spherical
shells initiated by Reissner [100]. Some of these investigations have focused on the
nature of the interior stress state (direct stress resultant, bending stress couple, and
transverse shear stress) and load-deflection relationship of thin elastic shells up to the
onset of buckling [125, 29, 107, 136]. Others paid particular attention to the collapse
behaviour of thin structural elements after buckling takes place to review the modes of
collapse and their associated energy absorbing capacities [73, 127, 124, 64, 41, 42, 72].
Contact behavior of thin (plane stress) elastic spherical shells studied originally
by Reissner [100] is considered one limiting case with the shell thickness to outer
radius ratio of ≈ 0. The other limiting case belongs to the Hertzian contact theory
in which the contact behavior of a solid elastic full sphere loaded by an elastic half
space has been considered [55, 51]. In the Hertzian contact theory, the shell thickness
to outer radius ratio is unity. These limiting cases have been studied extensively in
the contact mechanics literature and their associated load-deflection relationships are
of the form F = Cf(δn) where C is a coefficient and n, a constant exponent. More
detail on these load-deflection relationships are presented in Section 3.2.1. Studies
of the contact behavior of spherical shells with intermediate shell thickness to outer
radius ratios, 0 < h1/R1 < 1, loaded by a rigid flat plate have been limited to a single
computational analysis [72], in which a numerical study has shown how the onset of
plastic yielding in spherical shells with 0.00125 < h1/R1 < 1, loaded by a rigid flat
plate, is affected by the spherical shell geometry and material properties. Beyond this
study, there has been little focus in the mechanics literature on the load-deflection re-
lationships for spherical shells with intermediate shell thickness to outer radius ratios
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in Updike’s configuration I and the sensitivity of the features (e.g. C, and n) of these
load-deflection relationships to the spherical shell geometry and material properties.
These questions are addressed in this thesis. Here I am only interested in the elastic
contact deformation in spherical shells in configuration I before buckling takes place.
The other interesting aspect of spherical shells with intermediate shell thickness
to outer radius ratios centers around their impact response. There are several ap-
plications in bioengineering in which the impact behavior of spherical shells has a
particular importance. One such application would be in contact sports including
professional football in which a direct helmet-to-helmet impact in head-down tackles
induces concussion in football players [131, 134]. A football helmet may be approx-
imated as a spherical half shell with a shell thickness (≈ 4 mm) to outer radius (≈
140 mm) ratio of ≈ 0.03, thus the impact response of two football helmets is of
great interest in investigations aimed at preventing concussion in professional foot-
ball. Specifically, the impact response of spherical shells provides us with three major
characteristics of impact including the overpressure, Po, duration, to, and impulse, Io,
transmitted to a helmet, with which we can study the stress transmitted through the
helmet to the skull and thus to the brain.
The contact behavior of two deformable elastic bodies becomes more complicated
when these bodies are impacted upon each other, due to the transient and non-
linear essence of the problem [77]. Under impact, the rate of loading is high and
dynamic effects become important. Many attempts have been made to derive ana-
lytically [28, 92, 65, 93, 144, 77, 119] linear and non-linear differential equations for
the impact process of thin spherical shells and to validate experimentally [62, 67]
the derived analytical solutions. Engin [28] investigated the dynamic response of a
fluid-filled thin spherical shell subjected to a local radial impulsive load and obtained
8
the governing differential equations of the impact (by means of Hamilton’s principle
and Laplace transforms). Koller [65] studied the elastic impact of solid spheres on
thin spherical shells and developed non-linear differential equations of the impact
on the basis of Reissner shell theory and Hertzian contact theory. Young [144] pro-
posed an approximate analytical model to predict the response of a fluid-filled thin
spherical shell impacted by a solid elastic sphere based on combining the Hertzian
contact stiffness and Reissner shell stiffness in series (and applying the principles of
conservation of momentum and conservation of energy). Mansoorbaghaei [77] stud-
ied the impact of a thin-walled elastic spherical shell with an elastic barrier based
on combining Hertzian and Reissner deformation equations, proposing a linearization
technique (and applying Newton’s second law of motion) to obtain the impact force
and the duration. The above investigations have focused on the impact response of
thin spherical shells. On the other hand, Johnson [55] examined the impact response
of solid spheres using the load-deflection relationship in Hertzian contact theory (and
applying Newton’s second law of motion) to derive impact characteristics. What is
missing in the mechanics literature is the impact response of spherical shells with
intermediate shell thickness to outer radius ratios loaded by a rigid flat plate. This
gap has been addressed in this thesis.
2.1.2 Head Response to Mechanical Impact
Head injuries result from various sources such as vehicle/motorcycle crashes, mil-
itary activities, and typical falls/collisions in sports. The physiological origin of the
damage in such head injuries is not well understood, although there are some hypoth-
esized brain injury mechanisms available in the literature including negative pressure,
positive pressure, pressure gradient, translational acceleration, rotational acceleration
and deviatoric stress [47]. The primary component of the negative pressure mech-
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anism is cavitation [76] which can occur either at coup (the area under the site of
impact) or contrecoup (the area on the opposite side of impact) sites. Negative pres-
sures at contrecoup sites initiate upon impact while negative pressures at coup sites
form when the skull rapidly returns to its original geometry after being deformed.
One of the most popular proposed head injury mechanisms is pressure gradient. A
study on the dynamic stresses on the skulls of impacted dogs was carried out ex-
perimentally by employing strain gauges, pressure plugs, and accelerameters [44, 45].
This study suggested that there exists compression at the impact site, and tension
at the opposite site and the pressure gradient is the cause for the dynamic stresses.
Another finding of this study was that the brain injuries might develop either due
to high acceleration and high pressure for a short duration of impact or due to low
acceleration and low pressure for a long duration of impact. Pressure gradient can
create shear stress which results in local deformations of brain tissue, thus, pressure
gradient is a preliminary root to the development of another proposed injury mecha-
nism which is deviatoric stress [114, 88, 56]. Moreover, the idea behind the proposed
rotational acceleration injury mechanism is the fact that the brain is unable to rotate
freely in the frontal compartments of the skull resulting in the development of shear
stresses and thus, brain injuries [47].
Besides hypothesized brain injury mechanisms, biomechanical researches have pro-
posed several brain injury criteria in an effort to identify a threshold for such injuries.
These criteria relate brain injury mechanisms to observed injury phenomena and cog-
nitive symptoms. The first criteria is the Wayne State Tolerance Curve (WSTC)
based on a pressure-time tolerance curve and an acceleration-time tolerance curve
created by Gurdjian [44, 45, 43]. These curves are shown in Fig 2.1. The basic
finding was that high translational accelerations and high impact pressures can be
withstood for short durations, while low translational accelerations and low impact
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pressures can be tolerated for longer intervals.
The Severity Index (SI) and Gadd Severity Index (GSI) [50, 4] are extensions of
the WSTC:
SI =
∫
[atrans(t)]
2.5 dt. (2.1)
where atrans(t) is the translational acceleration. The weighting factor of 2.5 suggests
that the influence of different levels of translational acceleration are not commensu-
rate with each other, meaning that large translational accelerations have a profound
effect upon injury while small translational accelerations have a little effect. A value
of 1000 for SI index was suggested as an injury threshold and this index is assumed
to be valid for a maximum duration of 50 msec [47].
The Head Injury Criterion (HIC) [50] is another injury index:
HIC = (t2 − t1)
[∫
atrans(t) dtt2 − t1
]2.5
max
, (2.2)
where atrans(t) is the translational acceleration and t1 and t2 are the initial and final
times of the interval during which HIC attains a maximum value. The maximum
time duration of HIC, t2− t1, is limited to a specific value of ≈ 15 msec. HIC includes
the effects of both head acceleration and the duration of the acceleration. Large ac-
celerations may be tolerated for very short times. Again, a tolerance limit of 1000
has been adopted for the HIC [47].
Several investigators have used instrumented biomechanical analysis of impact in
an effort to identify a threshold for concussion in professional football. To date, how-
ever, no variable has been identified to accurately predict injury risk [17]. Several
attempts have been made to describe injury roots and to establish a meaningful in-
11
a)
b)
Figure 2.1: Wayne State Tolerance Curve (WSTC) [45], a) pressure-time tolerance
curve, b) acceleration-time tolerance curve.
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jury criterion through the use of injury data from football field- [17, 18, 38, 46, 103] or
laboratory-based impact reconstructions [94, 145]. Linear acceleration and rotational
acceleration are the two common kinetic measures of impact severity in these stud-
ies. Whereas some researchers have shown that linear acceleration is the fundamental
mechanism for MTBI [94, 103] and the injury tolerance criteria such as WSTC, SI, and
HIC are acceptable, others presume that rotational acceleration of the head is most
likely correlated with strain on the brain tissue [91, 75, 78]. For sustaining MTBI, the
head rotational acceleration threshold has been estimated over a wide range of 1,800 -
6,000 rad/sec2 [145, 91, 75, 78]. Finally, in some instrumented studies, a combination
of both linear acceleration and rotational acceleration has been considered as injury
roots [38, 17, 46, 21, 63]. Besides these empirical injury criteria, an analytical crite-
rion was introduced using finite element analysis and detailed anatomical modelling
of the brain (the Wayne State University Head Injury Model (WSUHIM)) [132]. The
WSUHIM is limited by an inability to predict the brain tissue response because this
finite element head model is not fully validated and lacks a through treatment of in
vivo material properties of brain.
Even though there is disagreement about the underlying mechanisms for brain
injuries and consequently the brain injury criteria [47, 97], physics intuition tells us
that by minimizing the damaging effects of blast/impact that are transmitted to the
brain, injury risk will be minimized. To date the precise description of the harmful
effects of blast/impact has been lacking.
2.1.3 Blast Dissipation
The interaction of a blast pressure pulse with structures can cause damage, either
of a structural nature, if the blast causes collapse or other loss of structural integrity,
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or of a functional nature, if the transmitted stress waves cause delicate components
to fail. The two types of failure, loss of structural or functional integrity, lead to two
distinct approaches for design against blast. One focus is on designing a system that
can accommodate a given intensity of blast without loss of structural integrity. For
example, a ship’s hull should be designed so that a blast does not cause rupture. The
other focus is to design armor to prevent the damaging effects of a blast from reaching
a target behind the armor. For example, a helmet should be designed so that a blast
does not cause injury to the brain by transmission of a shock wave through the skull
and orifices [37].
One requirement for blast mitigation is the design of structures that can ab-
sorb all the blast-born energy without structural failure. Clamped monolithic plates
[120, 141, 137, 32, 117, 57, 58, 140] provide one such example and they are used as
protective structures in military ships and aircrafts. Clamped monolithic plates are
made of ductile materials (e.g. steel) and are aimed to capture all the blast-born ki-
netic energy while experiencing minimum damage. One key damage considered to be
minimized in clamped plates is permanent deflection. Clamped steel plates undergo
bending and stretching in response to the blast, deform permanently, and dissipate
plastic energy [141]. Theoretical formulations for the maximum permanent deflection
at the center of rigid-plastic monolithic circular plates with clamped supports are
given by Florence [32] for a rectangular impulse, and by Wang and Hopkins [137] for
an infinite impulse with a negligible duration. The effect of adding a second source of
energy dissipation (creep energy) in addition to plasticity to the response of clamped
monolithic steel plates subjected to impulsive loads was also investigated experimen-
tally and numerically [7, 8, 9]. The creep energy was generated through spray casting
a layer of polyurea on the back face of the clamped monolithic plates resulting in a
reduction in the extent of damage and permanent deformation in the plates.
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The structures can also be designed with metallic cores and face-plates [141, 26,
31, 30, 68, 98, 142, 123, 81, 25, 118, 129, 147, 130], composite face-plates and poly-
meric cores [10, 27, 13, 12, 143, 121, 34], or with metal-polymer hybrids [49]. Clamped
metallic-core sandwich plates have drawn a lot of attention in recent years. The dy-
namic structural response of these plates involves three distinct stages [141]: a) the
impulse gets transmitted to the front face sheet making it move with an initial veloc-
ity toward the core; b) the front face sheet bends and compresses the core resulting in
plastic deformation in the core and the front face sheet; and c) the entire composite
plate undergoes bending and then in-plane stretching and energy dissipation contin-
ues in this stage mostly associated with the bending phase rather than the stretching
phase. Another alternative approach for the design of blast-resistant structures is
to incorporate an energy-dissipating core, in the form of foams or trusses, between
two face-plates. These sandwich structures dissipate energy when the impulse of the
pressure wave transmits momentum to a face-plate, which then deforms the core. The
dynamic response of modified clamped sandwich plates consisting of stiff laminated
carbon/epoxy composite face sheets and a compliant crushable foam core was also
investigated numerically [27]. These plates were intended to have minimum perma-
nent deformation or crushing of the foam core which gives rise to residual stresses
and consequent nucleation of local interfacial cracks and fracture. Finally, the effect
of introducing polyurethane, polyurea, and elastomeric foam inter-layers under the
loaded face sheet in modified clamped sandwich plates was examined [13, 12] con-
cluding that these thin, ductile, inter-layers absorb the face sheet deflection and thus
prevent or reduce the extent of damage to the foam core.
Another requirement for blast mitigation focuses on minimizing the transmitted
pressure wave and/or the transmitted momentum from the protective armor to the
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target structure while the protective armor may or may not fail. One key example is
granular systems which have the potential to control the transmitted pressure wave to
the target. Granular systems are composed of particles arranged in a tightly packed
lattice like configuration in which systematic variations of the mass and stiffness
ratios of the particles lead to large variations in the characteristics of the propa-
gating stress wave [70, 86, 22]. Another example belongs to air bladders or fluid
chambers [85, 96, 148, 87, 48, 6, 35]. The effect of sandwich samples made from
a vinyl-nitrile foam shell filled with either water, glycerin, glass beads, an aerogel,
volcanic rock, or expanding foam in minimizing the transmitted pressure wave to the
target was investigated experimentally [105]. The possible modes of shock attenua-
tion including inertial effects (based on acoustic impedance) and dispersion (based
on porosity) were also observed in this study [105]. An active, rather than a passive,
approach to blast mitigation has recently been proposed by Wadley et al. [135] to
minimize the transmitted compressive stress in a bilayer composite structure made of
a buffer plate (exposed to the blast load) and a pre-compressed crushable foam that
is relaxed just prior to the arrival of the blast-borne impulse, creating momentum
opposing that acquired from the blast.
Studies of the interaction between a blast, armor, and a target have been limited
to the specific analysis of a combat helmet [39, 40, 146, 33, 113], among which a nu-
merical study [39] has shown how the replacement of foam by polyurea as a suspension
pad may reduce the peak compressive stress in the brain and brain velocity. Beyond
this type of empirical study, there has been little focus in the mechanics literature
about the features of a blast that sensitive targets need to be protected against, and
how armor might be optimized to achieve this. These questions provide the focus for
the present work.
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2.1.4 Impact Dissipation in Football Helmet
Mild Traumatic Brain Injury (mTBI), also known as concussion, is a serious injury
resulting from impact in most contact sports, including professional football. Con-
cussion is induced by mechanical forces such as impact with other objects [79, 80]. It
is a brain injury resulting from a force transferred to the head leading to a collision
between the brain and skull and deformation of the tissue and vascular system of the
brain [112]. Concussion injuries can manifest as physical and psychological symptoms
in addition to cognitive symptoms [79, 80].
With increasing evidence supporting a link between playing professional football
and cognitive destruction in later life, there is an urgent need to reconsider the design
of current football helmets. A football helmet is generally constructed with a tough
polymer shell lined with a suspension system. The older American football helmets
which included a stiff shell and foams were primarily designed to protect the skull
from direct linear impact only with no specific consideration to prevent concussion.
The shell is designed to protect the delicate areas of the skull from fracture and
to remain undamaged itself, so that the impact forces are distributed over a wider
skull area. The suspension pad involves materials that are supposed to dissipate the
impact-born energy [106, 71, 20]. However, the suspension pads used in the current
football helmet designs may have elastic response to the impact force at the relevant
time scales with little to no energy dissipation involved. More recently, football safety
equipment manufacturers have focused further on developing advanced padding sys-
tems to attempt to reduce concussion risks [133, 95]. The focus has been on reducing
skull accelerations, first just linear but more recently rotational, and I will demon-
strate that is part of what is required.
According to the National Football League (NFL) MTBI committee [131, 134], a
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typical event that induces concussion in football involves a direct helmet-to-helmet
impact in head-down tackles. Here, the striking player lines up his head, neck, and
torso and delivers his force and momentum to the struck player whose body is aligned
more or less perpendicularly to that of the striking player, such that his head or neck
recieves the full force of the impact. There have been several approaches suggested
by the NFL MTBI committee to potentially lower the risk of concussion [131]. These
approaches include enforcing of head-up tackling techniques, reducing the mass of
the helmet, and reducing the stiffness of the outer shell of the football helmet. These
approaches are beneficial in terms of lowering the inertia of the striking player and
limiting the impact force. However, they focus only on the mechanics of impact itself
and how to reduce the impact force by altering the mass and stiffness of the helmet.
What is missing is the mechanics of how to mitigate effectively the damaging effects
of such impacts using dissipative materials in the design of a football helmet.
Very few researchers have attempted to develop a theoretical basis for helmet anal-
ysis and design [84, 36, 108]. These studies have included a lumped mass and spring
approach [84, 36] and the experimental cushioning curve principle [108] to investigate
the effects of various shell materials and foam densities on the deformation of motor-
cycle helmets. Cushioning curve principle is primarily used for packaging design. It
demonstrates varying peak accelerations of a mass, falling a distance, on to a block of
foam with different thicknesses. Beyond this type of theoretical study, there has been
little focus in the mechanics literature on the mechanics of helmet-to-helmet impact,
the features of such an impact that the brain needs to be protected against, and how
football helmets might be optimized to achieve this.
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2.2 Purpose and Research Overview
In this work, I focus on the problem of material design for protective structures
for optimal blast/impact mitigation to reduce the risk of damage to delicate targets.
The objective of this research is to follow a systematic approach rather than empir-
ical approach to tailor material architectures for structures to be used as external
protection of delicate targets.
In the design of blast-resistant armors (e.g. advanced combat helmet), there is
often an associated goal of minimizing mass. Therefore, the design process eventually
involves an optimization of blast-tolerance and mass minimization. This requires an
understanding of 1) the major features of the blast pulse upon impinging the target
structure, 2) how target structures are damaged by blast, and 3) how the damaging
effects of a blast can either be accommodated or dissipated by the armor. Similarly,
the design process for an impact-resistant structure (e.g. football helmet), demands
an optimization of impact-tolerance and mass minimization. This necessitates a con-
current consideration of 1) the mechanics of contact/impact to identify the impact
characteristics, 2) the mechanics of damage to the target as a result of impact, and
3) the mechanics of impact dissipation through the design of protective structures.
The focus of this research is first to investigate the mechanics of both a blast pres-
sure wave (as impinged to a structure) and an impact pressure wave (of two colliding
objects) to identify the profiles and the major characteristics of such pressure waves.
Second, using a simple dynamic model of the target structure subjected to a blast or
impact pressure wave, the damaging features of the transmitted pressure wave causing
acceleration to the delicate target are identified. Third, a comprehensive investigation
of the mechanics of blast/impact mitigation is carried out to propose proper design
strategies for the protective structures such that they can effectively dissipate the
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damaging features of blast/impact. In this research, linear visco-elasticity is used to
introduce a novel design concept of impact/blast tuning and mitigation. The dimen-
sionless material and geometrical parameters controlling viscous energy-dissipation
are identified for a simplified one-dimensional system to provide insight into how one
might design protective structures based on this concept.
20
CHAPTER III
Mechanics of Blast/Impact
3.1 Mechanics of Blast
An explosion can occur as a result of either a detonation of a condensed high
explosive or an intense rise in local temperature. An explosion is associated with a
rapid rise in the local pressure of the surrounding fluid. A blast is the transmission of
this pressure pulse through the fluid by the propagation of a shock wave at approxi-
mately sonic velocity [110]. Considering the surrounding fluid as air, the blast-born
shock wave traveling through the air is correlated with a pressure change from the
ambient pressure, ahead of the shock-wave front, to the pressure behind it. This pres-
sure jump is known as blast peak overpressure, Ppeak. A fixed location in space first
experiences Ppeak as the shock-wave front passes over it and then, the pressure decays
over time exponentially as the shock-wave front moves away. Typically, the duration
of a shock-wave pressure pulse at a fixed point, tblast, is quite short, a few tens or
hundreds of microseconds. The simplest form of a blast wave has been described by
the Friedlander waveform [110] as
Pblast(t) = Ppeake
t
tblast (1− t
tblast
), (3.1)
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while the momentum per unit area, Iblast, corresponding to the pressure pulse is
Iblast =
∞∫
0
Pblast(t) dt. (3.2)
Ppeak and tblast depend upon the type and mass of explosive material and the distance
from the source of the explosion [110, 116, 11]. Scaling laws have been developed
to estimate blast wave parameters, e.g. Ppeak and tblast, for conventional high explo-
sives [83, 16]. The important quantity in scaling laws is the dimensional distance
parameter (scaled distance), Z, which is defined as
Z =
R
W
1
3
, (3.3)
where Z is in m/kg1/3, R is the distance from the explosion in meter and W is the
basic explosive input or charge weight as an equivalent mass of TNT in kg. A de-
tailed representation of significant blast wave parameters including Ppeak and tblast as
a function of scaled distance, Z, is available in a number of references [110, 116].
When the blast wave, Pblast(t), impinges on a structure, it is partly transmitted.
The pressure transmitted on the impacted surface, P (t), rises almost instantaneously
to a peak value Po, and then decays over time, to, such that
P (t) = Pof(t/to). (3.4)
The profile of P (t) and the values for Po and to depend on the details of the fluid-solid
interaction (FSI) [120, 61, 59, 60]. The peak pressure, Po, is one of the important
characteristics of the stress wave arising in a solid as a result of a blast that can cause
damage. The other important characteristic is the impulse imparted by the blast to
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the structure, shown as, Io:
I0 =
∞∫
0
P (t) dt. (3.5)
This impulse is responsible for the transfer of kinetic energy to the structure which
can cause damage to the structure or to the components within it. Early work on FSI
by Taylor [120] used the solution for a 1D wave pulse impinging on a free standing
solid plate to compute Io:
Io
Iblast
= 2q
q
1−q , (3.6)
where q is the time scale ratio:
q = to/t
∗. (3.7)
t∗ is the time scale characterizing fluid-plate interaction, defined as
t∗ = ρh/ρfCf , (3.8)
and ρf is the density of the fluid (air or water), Cf is the sonic speed of the blast
wave in the fluid, ρ is the density of the plate, and h is the thickness of the plate. As
seen by Eqns. 3.6 - 3.8, if q << 1, the plate is relatively massive and hardly moving,
therefore, the reflected momentum is almost −Iblast and the plate acquires momentum
approaching 2Iblast. On the other hand, if q >> 1, the plate is thin having little effect
on the fluid motion and the transmitted impulse to the plate is negligible.
3.2 Mechanics of Impact
To investigate the mechanics of impact of two colliding objects, one requires an
understanding of the contact mechanics of the objects. There are two contact laws
available in the literature: The Hertzian contact theory [55, 51] for a solid sphere
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loaded by an elastic half space and the Reissner contact theory [100] for a very thin
spherical shell loaded by a rigid flat plate. In the following, I will describe these ex-
isting laws. Then I will go on to derive contact laws for more general shells. Finally,
I will apply these derived contact laws to impact.
3.2.1 Existing Contact Laws
Consider an elastic full sphere with a Young’s modulus of E1, a Poisson’s ratio of ν1
and an outer radius of R1 which is loaded by an elastic flat plate (half space) having a
Young’s modulus of E2 and a Poisson’s ratio of ν2. According to the Hertzian contact
theory, the relationship between the transmitted load, FHertz, and the deflection of
two elastic bodies, δHertz, during the contact [55] is
FHertz =
[
1.33
√
R1E
∗
]
δ1.50Hertz, (3.9)
where E∗ is the effective Young’s modulus given by
1
E∗
=
1− ν21
E1
+
1− ν22
E2
. (3.10)
In this theory, the surfaces are continuous, non-conforming, and frictionless. Tan-
gential forces that may develop in applications where the surfaces slide or carry trac-
tion are not accounted for, the ratio of the maximum radius of the contact area to the
outer radius of the sphere is quite small, and the elastic deformation remains small
in comparison with the geometry of each contacting object [55].
Now, I consider a thin hollow spherical shell with a Young’s modulus of E1, a
Poisson’s ratio of ν1, an outer radius of R1, and a thickness of h1 which is loaded by
a rigid flat plate. According to Reissner contact theory, the load, FReissner, versus
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deflection, δReissner, relationship during the contact [100] is
FReissner =
[
2.3E1h
2
1
R1
√
1− ν21
]
δReissner. (3.11)
In this theory, the ratio of the radius of the loading area to the outer radius of the
shell is again quite small and the deflection of the spherical shell is small compared
to its outer radius. Moreover, in this theory, the applied load to the spherical shell
is assumed to be uniform normal load, parabolic normal load, or inertia load of a
relating shell.
3.2.2 Proposed Contact Behavior for Intermediate Spherical Shells
The Hertz contact law and the Reissner contact law are two limiting shell/plate
contact cases with shell thickness to shell outer radius ratios of 1 and ≈ 0, respec-
tively. What is missing in the literature is the contact behavior of spherical shells
with intermediate shell thickness to shell outer radius ratios (i.e. in the range of 0 -
1) loaded by a rigid flat plate.
In this section, I present results from finite-element analyses conducted to examine
the load-deflection behavior of spherical shells with varying thickness to outer radius
ratios subjected to axial compression from a rigid flat plate under quasi-static load-
ing. In these results, I am interested in identifying the effect of the thickness to outer
radius ratio of spherical shells on the load-deflection relationship. The validity of the
results is then compared to the established Hertzian and Reissner contact theories in
the limits.
In this analysis, only the elastic contact deformation prior to the onset of buckling
or inelastic response was considered and the collapse behaviour at larger deformations
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was not addressed. The finite-element calculations were performed using the commer-
cial code ABAQUS Implicit [1]. The spherical shell and the flat plate were modeled
using two-dimensional axisymmetric, four-node and three-node continuum elements
with reduced integration (CAX4R and CAX3). The geometry is shown in Fig. 3.1.
The displacements along the axis of symmetry z- of the flat plate and spherical shell
were restricted in the x- direction and the displacements along the base of the spher-
ical shell were restricted in the z- direction. The interface between the flat plate and
spherical shell was frictionless. The mesh density in the radial direction at the contact
region of the shell was set to be very fine such that the ratio of the thickness of the
shell to the the element size becomes > 100.
A displacement of the flat plate was prescribed for loading the shell. A time-
varying displacement δ(t) was applied to the upper surface of the flat plate, along the
z- direction (Fig. 3.1). This displacement increased linearly from zero to a peak value
such that the displacement to thickness ratio of the spherical shell always remained
below unity to insure no buckling [93]. Therefore, the displacement of the spherical
shell, δ(t), was an input to the numerical simulations and the normal contact force,
F (t), was obtained as an output for any given displacement. As shown in Fig. 3.2, the
normal contact load in the flat plate, F (t), was computed by integrating the stress
for axisymmetric plates:
F (t) =
2pi∫
0
lflat∫
0
σzxdxdθ, (3.12)
where lflat is the radius of the flat plate (Fig. 3.1) and σz is the normal nodal stress
in the z- direction as calculated from the finite-element simulations.
As with Hertzian theory, the isotropic, elastic spherical shell has a Young’s mod-
ulus of E1, a Poisson’s ratio of ν1, an outer radius of R1, and a thickness of h1, and
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Figure 3.1: Geometry of the spherical shell and the flat plate analyzed in the finite-
element model.
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a)
b)
Figure 3.2: a) 3D geometry of the flat plate, b) illustration of calculating the normal
contact load, F (t), by integrating the stress, σz.
the flat plate is rigid. These dimensions and properties, plus the deflection of the
spherical shell, δ, results in a total of five variables (E1, ν1, R1, h1 and δ) and two
different units (meter, and N) to describe the normal contact force, F . Therefore,
according to the Buckingham-II theory [111, 128, 19], the normal contact force must
be a function of three dimensionless groups. Finite element calculations showed that
the normal contact load, F , in a dimensionless form of FR1/E
∗h31, can be expressed
by the following three dimensionless groups:
FR1
E∗h31
= f(
δ
h1
,
h1
R1
, ν1), (3.13)
where E∗ is defined as E1/(1− ν21).
Fig. 3.3 and Table 3.1 report the results of calculations over the following ranges
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Figure 3.3: The contact load-deflection relationship in dimensionless form: FR1/E
∗h31
versus δ/h1 for four different values of h1/R1 (0.005, 0.05, 0.25 and 1) and ν1 = 0.3.
of values for ν1, δ/h1 and h1/R1:
ν1 = 0.3
0.001 ≤ δ
h1
≤ 1
0.005 ≤ h1
R1
≤ 1. (3.14)
Fig. 3.3 is indeed the contact load-deflection relationship in a dimensionless form:
FR1
E∗h31
= C(
δ
h1
)n, (3.15)
for four different values of h1/R1 (0.005, 0.05, 0.25, and 1) whereas the resulting
contact load-deflection relationship for eight different values of δ/h1 can be found
in Table 3.1. Fig. 3.3 and Table 3.1 illustrate the sensitivity of the contact load-
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Table 3.1: The coefficient, C, and the exponent, n, for various h1/R1 in the dimen-
sionless contact load-interference relationship FR1/E
∗h31 = C (δ/h1)
n considering
ν1 = 0.3.
h1/R1 Coefficient (C) Exponent (n)
1 1.45±0.15 1.50±0.01
0.75 2.18±0.13 1.50±0.01
0.5 3.05±0.05 1.46±0.02
0.25 2.95±0.15 1.30±0.02
0.1 2.90±0.20 1.17±0.01
0.05 2.48±0.08 1.09±0.01
0.02 2.39±0.12 1.05±0.01
0.005 2.27±0.10 1.02±0.02
deflection relationship to varying h1/R1. These are manifest in the coefficient, C,
and the exponent, n. The exponent, n, increases as the thickness to outer radius
ratio, h1/R1, is increased. The reason why the lower bound for h1/R1 has been se-
lected as 0.005 is that any further reduction has insignificant effect on the measured
coefficient, C, and exponent, n, values. To verify the validity of the finite element
model, the results for h1/R1 = 1 (Table 3.1) were compared with the Hertz solution
(Eqn. 3.9) and the results for h1/R1 = 0.005 (Table 3.1) were compared with the
Reissner solution (Eqn. 3.11). As shown in Eqn. 3.9, the coefficient and exponent in
the Hertz solution are 1.33 and 1.50, respectively, which match the ranges of C and
n reported in Table 3.1 for h1/R1 = 1. Similarly, the coefficient and exponent in the
Reissner solution are 2.19 and 1.00, respectively, which match the ranges of C and n
reported in Table 3.1 for h1/R1 = 0.005.
The contact area between the spherical shell and the rigid flat plate is a circle of
radius a(t). Considering the isotropic, elastic spherical shell (E1, ν1, R1, and h1), the
rigid flat plate and the deflection of the spherical shell, δ, there exist a total of five
variables (E1, ν1, R1, h1 and δ) and two different units to describe the contact radius,
a. Therefore, according to the Buckingham-II theory [111, 128, 19], the contact radius
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must be a function of three dimensionless groups. Finite element calculations showed
that the contact radius, a, in a dimensionless form of a/R1, can be expressed by the
following three dimensionless groups:
a
R1
= f(
δ
R1
,
h1
R1
, ν1), (3.16)
Fig. 3.4 and Table 3.2 report the results of calculations over the following ranges
of values for ν1, δ/R1, and h1/R1:
ν1 = 0.3
0.0001 ≤ δ
R1
≤ 1
0.005 ≤ h1
R1
≤ 1. (3.17)
Table 3.2: The coefficient, D, and the exponent, m, for various h1/R1 in the di-
mensionless contact radius-interference relationship a/R1 = D (δ/R1)
m considering
ν1 = 0.3.
h1/R1 Coefficient (D) Exponent (m)
1 1.03±0.10 0.47±0.03
0.75 0.77±0.06 0.46±0.02
0.5 0.57±0.06 0.44±0.04
0.25 0.51±0.04 0.39±0.02
0.1 0.33±0.05 0.35±0.03
0.05 0.25±0.04 0.33±0.03
0.02 0.23±0.05 0.32±0.04
0.005 0.10±0.03 0.30±0.04
Fig. 3.4 is indeed the contact radius-deflection relationship in a dimensionless
form:
a
R1
= D(
δ
R1
)m, (3.18)
for four different values of h1/R1 (0.005, 0.02, 0.25, and 1). Fig. 3.4 and Table 3.2 il-
lustrate the sensitivity of the contact radius-deflection relationship to varying h1/R1.
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Figure 3.4: The contact radius-deflection relationship in dimensionless form: a/R1
versus δ/R1 for four different values of h1/R1 (0.005, 0.02, 0.25 and 1) and ν1 = 0.3.
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The exponent, m, increases as the thickness to outer radius ratio, h1/R1, is increased.
To verify the validity of the finite element model, the results for h1/R1 = 1 (Table 3.2)
were compared with the Hertz solution in which the contact radius for a full sphere
loaded by a flat plate is approximated as a ≈ √R1δ [55]. In this equation, the coeffi-
cient, D, and the exponent, m, are 1 and 0.5, respectively, which match the ranges of
D and m reported in Table 3.2 for h1/R1 = 1. I am not comparing the area results
with the Reissner solution due to the difference in loading conditions.
Finally, considering the isotropic, elastic spherical shell (E1, ν1, R1, and h1), the
rigid flat plate, and the deflection of the spherical shell, δ, there exist a total of
five variables (E1, ν1, R1, h1, and δ) and two different units to describe the contact
pressure, P . Therefore, according to the Buckingham-II theory [111, 128, 19], the
contact pressure must be a function of three dimensionless groups. Finite element
calculations showed that the contact pressure, P , in a dimensionless form of P/E∗,
can be expressed by the following three dimensionless groups:
P
E∗
= f(
δ
h1
,
h1
R1
, ν1), (3.19)
Fig. 3.5 reports the results of calculations over the following ranges of values for
ν1, δ/h1, and h1/R1:
ν1 = 0.3
0.0001 ≤ δ
h1
≤ 0.01
0.005 ≤ h1
R1
≤ 1. (3.20)
Fig. 3.4 is indeed the contact pressure-deflection relationship in a dimensionless
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Figure 3.5: The contact pressure-deflection relationship in dimensionless form: P/E∗
versus δ/h1 for four different values of h1/R1 (0.005, 0.02, 0.25 and 1) and ν1 = 0.3.
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Table 3.3: The coefficient, D′, and the exponent, m′, for various h1/R1 in the di-
mensionless contact pressure-interference relationship P/E∗ = D′ (δ/δ)m
′
considering
ν1 = 0.3.
h1/R1 Coefficient (D
′) Exponent (m′)
1 0.43±0.09 0.56±0.03
0.75 1.17±0.13 0.57±0.02
0.5 2.82±0.15 0.58±0.04
0.25 3.23±0.43 0.51±0.03
0.1 7.05±0.52 0.47±0.03
0.05 9.93±1.10 0.43±0.03
0.02 10.5±1.24 0.41±0.04
0.005 11.7±1.61 0.41±0.04
form:
P
E∗
= D´(
δ
R1
)m´, (3.21)
for four different values of h1/R1 (0.005, 0.02, 0.25, and 1) and ν1 = 0.3. Fig. 3.5 and
Table 3.3 illustrate the sensitivity of the contact average pressure-deflection relation-
ship to varying h1/R1.
3.2.3 Generalized Formulae for Impact Characteristics of Intermediate
Spherical Shells
In this Section, I use the load-deflection relationship calculated in Section 3.2.2 to
work out the generalized formulae for the three major impact characteristics including
impact overpressure Po, duration to, and impulse Io from the impact of intermediate
spherical shells (having a Poisson’s ratio of 0.3) with a rigid flat plate.
Consider an elastic spherical shell with mass of m1 which contacts a rigid flat plate
under frictionless conditions while traveling at a constant velocity Vo. The generalized
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contact load-deflection relationship of Eqn. 3.15 is rewritten as
F (t) = C(
E∗h3−n1
R1
)δ(t)n = Kδ(t)n, (3.22)
where K is the effective stiffness that depends upon the geometry (h1 and R1) and
elastic constants (E1 and ν1) of the shell along with the coefficient, C, and the ex-
ponent, n. According to Newton’s second law of motion, the inertia force of the
spherical shell is
m1
d2δ(t)
dt2
= −Kδ(t)n. (3.23)
Integrating Eqn. 3.23 with respect to δ(t) gives
1
2
[
V 2o − (
dδ(t)
dt
)2
]
= (
1
n+ 1
)
K
m1
δ(t)n+1. (3.24)
The moment at which the maximum deflection (δmax) of the spherical shell with
respect to the rigid flat plate occurs, the instantaneous velocity of the center of the
shell, dδ(t)/dt, becomes zero. Therefore, the maximum elastic deflection of the shell
is determined as
δmax =
[
n+ 1
2
m1V
2
o
K
] 1
n+1
. (3.25)
Substituting δmax into Eqn. 3.22 gives us the maximum contact load, Fmax, as
Fmax = K(δmax)
n. (3.26)
Fmax in terms of relative velocity, and material and geometrical parameters of the
spherical shell is calculated as
Fmax = (
n+ 1
2
)
n
n+1C
1
1+n
[
mn1V
2n
o E
∗h3−n1
R1
] 1
n+1
. (3.27)
On the other hand, the contact radius-deflection relationship of Eqn. 3.18 can be
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rewritten as
a(t) = Dδ(t)mR1
1−m. (3.28)
The maximum contact radius, amax, can be calculated by substituting δmax (Eqn. 3.25)
into Egn. 3.28 to give
amax = Dδ
m
maxR1
1−m. (3.29)
Since the spherical shell is elastic, Fmax and δmax occur at the same time. Dividing
the maximum contact load, Fmax, (Eqn. 3.27) by the maximum contact area, pia
2
max,
gives us the impact overpressure, Po, as
Po ≈ (n+ 1)
n−2m
n+1 C
2m+1
n+1
2piD2
[
m1
n−2mVo2n−4mE∗1+2mh1
6m−2nm+3−n
R1
3+2n−2nm
] 1
n+1
. (3.30)
Here, the impact duration, to, will be investigated. The relation between time, t, and
the deflection, δ, is determined by integrating Eqn. 3.24 as [74]
t =
1
Vo
δ∫
0
dδ√
1− ( δ
δmax
)n+1
. (3.31)
The duration of the impact, to, which is an important parameter in the analysis of
the impact, is
to =
2
Vo
δmax∫
0
dδ√
1− ( δ
δmax
)n+1
. (3.32)
If the substitution x = (δ/δmax)
n+1 is made in Eqn. 3.32, the integral reduces to
to =
2
n+ 1
δmax
Vo
1∫
0
x
−n
n+1 (1− x)−0.5dx = 2
n+ 1
δmax
Vo
Bx(
1
n+ 1
, 0.5), (3.33)
where Bx(1/(n+ 1), 0.5) is the Beta function, also known as an Euler integral of the
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first kind. Rewriting Eqn. 3.33 leads to
to =
2
n+ 1
Bx(
1
n+ 1
, 0.5)
[
m1R1
Vo
n−1E∗h1
3−n
] 1
n+1
. (3.34)
The final important characteristic of the impact is the impulse, Io, which can be
considered as the area under the load-time history of the impact, F (t). The calculated
impulse is in Newton.sec:
Io =
∫
F (t)dt. (3.35)
To solve the integral in Eqn. 3.35, I need to have the profile for F (t). Deresiewicz [24]
evaluated Eqn. 3.31 numerically and obtained the approximate deflection-time his-
tory, δ(t), as
δ(t) ≈ δmaxsin(pit
to
). (3.36)
Therefore, the load-time profile of the impact, F (t), which is a function of δ(t) as
in Eqn. 3.22, has a sinusoidal profile with a total duration of to and the maximum
contact load of Fmax occurring at to / 2:
F (t) ≈ Kδnmaxsinn(
pit
to
). (3.37)
Substituting Eqn. 3.37 into Eqn. 3.35 gives
Io ≈
[
n+ 1
2
Cn
m1Vo
2h1
3n−n2E∗n
Rn
] 1
n+1
to∫
0
sinn(
pit
to
)dt. (3.38)
If I simplify Eqn. 3.38 by considering the load-time profile of the impact, F (t), as a
triangle with a total duration of to and the maximum contact load of Fmax occurring
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at to / 2, Eqn. 3.38 changes to
Io ≈
√
2pi(n+1
2
)
n
n+1
n+ 1
( 1
n+1
)
1
n+1
−0.5
( 1
n+1
+ 0.5)
1
n+1
[m1Vo] . (3.39)
As shown in Eqn. 3.39, Io is only a function of mass (m1) and velocity (Vo), which
confirms the physics of momentum.
Po (Eqn. 3.30), to (Eqn. 3.34), and Io (Eqn. 3.38) are the three major characteris-
tics of the impact in generalized form for ν1 = 0.3. These three major characteristics
are all functions of relative velocity (Vo) and material and geometrical parameters of
the spherical shell (m1, h1, R1, and E1). The sensitivities of Po, to, and Io (simplified
triangular form) with respect to each of these parameters (Vo, m1, h1, R1, and E1)
are summarized in Table 3.4.
Table 3.4: The exponents for Vo, m1, h1, R1 and E1 in the derived generalized formulae
for Po, to, and Io (ν1 = 0.3).
Parameter Po(Pa) to(sec) Io (N.sec)
Vo
2n−4m
n+1
−n−1
n+1
1
m1
n−2m
n+1
1
n+1
1
h1
6m−2nm+3−n
n+1
−3−n
n+1
0
R1 −3+2n−2nmn+1 1n+1 0
E1
1+2m
n+1
− 1
n+1
0
Considering the limiting case of Reissner contact theory with n = 1, Po and to
become
Po ≈ C
0.8E∗0.8h1.611 V
0.38
o m
0.19
1
2piD2R2.191
,
to ≈ 1
h1
√
2pim1R1
CE∗
.
Considering the other limiting case, the Hertz contact theory, with n = 3/2 and
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R1 = h1, Po and to become
Po ≈ C
0.8m0.21 V
0.4
o E
∗0.8h1.21
2piD2R1.81
,
to ≈ 1.3 m
0.4
1
C0.4V 0.2o E
∗0.4R0.21
.
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CHAPTER IV
Mechanics of Damage to a Behind-Armor Target
as a Result of Blast/Impact
Recently, there has been much publicity about the damage that can be caused to
brain tissue by blast or by impact to the head in sports or vehicle crashes. The phys-
iological origin of the damage is not well understood, although it is generally agreed
to be the consequence of excessive axonal deformation arising from local deviatoric
stresses [114, 88, 56]. Local stresses may also be responsible for the failure of deli-
cate mechanical objects located within or behind a protective structure (or armor).
Therefore, for the purposes of evaluating possible mitigation strategies, it is necessary
to identify the important features of any pressure waves induced by blast or impact
that may travel through armor to damage a behind-armor target.
There is a general tendency in the brain injury literature to measure the acceler-
ation of the head as a proxy for the stresses acting on the brain [37, 82, 50, 17, 38].
However, it was recognized more than 70 years ago [53] that this is valid only for
impacts of long duration. For short impacts and blasts, it is the change in velocity
(impulse) of the head that indicates the level of the stresses in the brain. The head
is a complex dynamical system, so the force transmitted to the brain cannot simply
be taken to be the force applied to or transmitted to the skull. Here, I am using a
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very simple dynamical system to illustrate this point, since identifying the correct
mechanics is crucial for evaluating design concepts for armor.
4.1 Basic Definitions
The mathematical description of any dynamic system is obtained by first drawing
a schematic diagram of the system and defining variables and then using physical laws
(e.g. Newton’s laws) to write equations for each component. For a linear system, the
equations that constitute the mathematical model are linear. The Laplace transform
is one of the most important mathematical tools available for modeling and analyzing
linear systems. The main advantage of the Laplace transform is that differential
equations in the time domain become algebraic equations in the Laplace domain
because differentiation of the time function corresponds to the multiplication of the
Laplace transform by a complex number s. Let’s define f(t) as a time function such
that f(t) = 0 for t < 0, s as a complex variable and  L as an operational symbol
indicating that the quantity upon which it operates is to be transformed by the
Laplace integral:
∞∫
0
e−st dt. (4.1)
Then, the Laplace transform of f(t), shown by F (s), is calculated as:
 L[f(t)] = F (s) =
∞∫
0
f(t)e−st dt. (4.2)
According to differentiation theorem, the Laplace transform of the derivative of a
function f(t) is given by [90]:
 L[
d
dt
f(t)] = sF (s)− f(0), (4.3)
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where f(0) is the initial value of f(t), evaluated at t = 0. A transfer function is one
common approach for modeling and analyzing dynamic systems which is defined as
the ratio of the Laplace transform of the output to the Laplace transform of the input.
4.2 Dynamic Model of an Elastic Behind-armor Target Ex-
posed to Blast
A simplified, but typical, system that might need to be protected from blast and
impact can be modelled as a two-component dynamical system consisting of the tar-
get and it’s supporting structure. The supporting structure and target are masses
coupled by a spring, and the structure is attached to a rigid foundation by a second
spring. The motivation for this assumption is a simple model of a head that can be
envisaged as a brain coupled to a skull through cerebrospinal fluid, with the motion
of the skull being resisted by its attachment to the rest of the body by the neck.
Fig. 4.1 demonstrates such a system that included a delicate target (m2) supported
by a structural support (m1) coupled with each other by a spring (k2) and to a rigid
foundation by a spring (k1), where m represents mass and k represents geometric
stiffness. The force pulse transmitted from the blast, either directly or as modified
by passage through the armor, F (t), is applied to the structural support. In a simple
model of the head, this structural support m1 is the skull, and the spring k1 repre-
sents the stiffness of the neck. The importance of this spring has been demonstrated
experimentally by showing that bracing the neck decreases the severity of brain dam-
age [37, 23]. In this simple model of the head, the target m2 is the brain, and the
spring k1 represents the cerebrospinal fluid.
Equations of motion for the two masses, m1 and m2, are obtained by applying the
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Figure 4.1: Dynamic model of a structural support of mass m1 attached to a rigid
foundation by a spring of stiffness k1, and coupled to a delicate target of mass m2
through a spring of stiffness k2. A pressure force F (t) is transmitted to the structure
either directly from the blast, or through the armor.
Newton’s second law to the system:
m1x¨1 = F (t)−K1x1 −K2[x1 − x2], (4.4)
m2x¨2 = K2[x1 − x2], (4.5)
where x2 is the displacement of the target, and x1 is the displacement of the structure
(Fig. 4.1). In Eqn. 4.5, x¨2 is the acceleration of the target which is linearly propor-
tional to the total force (K2(x1 - x2)) applied to the target. Therefore, the load that
can cause damage (acceleration) to the target is given by
F2(t) = K2(x1 − x2). (4.6)
Consequently, the relationship between the force imposed on the structure, F (t),
and the force acting on the target, F2(t), is given by
F2(t) = F (t)− [m1x¨1 + k1x1]. (4.7)
A calculation of the force that acts on the target is obtained by solving these two
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equations, subject to an assumption that the structure and target are assumed to be
initially at rest (x1 = x2 = x˙1 = x˙2 =0), and the transmitted force, F (t), is a decaying
triangular pulse with a peak force Ft, a duration of tt and an impulse of It (= Fttt / 2).
Eqns. 4.4 and 4.5 are the mathematical models of the system. The Laplace trans-
forms of these equations are
m1[s
2X1(s)− sx1(t = 0)− x˙1(t = 0)] +K1X1(s) +K2[X1(s)−X2(s)] = P (s), (4.8)
m2[s
2X2(s)− sx2(t = 0)− x˙2(t = 0)]−K2[X1(s)−X2(s)] = 0. (4.9)
Since the displacement initial conditions (x1 (t = 0) and x2 (t = 0)) and velocity
initial conditions (x˙1 (t = 0) and x˙2 (t = 0)) are zero, Eqns. 4.8 and 4.9 can be written
as
X1(s)[K1 +K2 +m1s
2] +X2(s)[−K2] = F (s), (4.10)
X1(s)[K1] +X2(s)[−K2 −m2s2] = 0. (4.11)
The input of the protected system is the transmitted force, F (t), while the output
is the acceleration of the target, x¨2. As mentioned before, x¨2 is linearly proportional
to F2(t) which itself is linearly proportional to x1−x2. Once x1 and x2 are found, F2(t)
and consequently x¨2 can be found. Therefore, the displacements x1 and x2 are the
actual outputs of the system. Since there exist two output variables, there shall be two
transfer functions: the ratio of the Laplace transform of x1 to the Laplace transform
of F (t) and the ratio of the Laplace transform of x2 to the Laplace transform of F (t).
These two ratios can be obtained by combining Eqns. 4.10 and 4.11 to get
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G(s) =
X1(s)
F (s)
=
K2 +m2s
2
m1m2s4 + (K2m2 +K1m2 +K2m1)s2 + (K1K2)
, (4.12)
K(s) =
X2(s)
F (s)
=
K2
m1m2s4 + (K2m2 +K1m2 +K2m1)s2 + (K1K2)
. (4.13)
A system’s transfer function is a property of the system itself, independent of the
magnitude and nature of the input. If a transfer function of a system is known, the
output or response can be studied for various forms of inputs with a view towards
understanding the nature of the system. MATLAB Simulink [3] is a powerful tool
enabling us to analyze the output or response once the transfer functions are identi-
fied. The MATLAB SIMULINK code developed to analyze the protected structure
system is presented in APPENDIX A.
The behind-armor system involves two point masses, m1 and m2, and two springs,
k1 and k2. These properties plus the two characteristics (Ft and tt) of the transmit-
ted force, F (t), make a total of six variables and three different units to describe
the maximum force acting on the supporting structure, F1max , and the maximum
force acting on the target, F2max . Therefore, according to the Buckingham-Π the-
ory [111, 128, 19], the resultant maximum acting forces must be a function of three
dimensionless groups:
Fimax
Ft
= f
(
m1
m2
,
k1
k2
,
√
k2
m2
tt
)
, (4.14)
where i = 1 indicates the supporting structure, i = 2 indicates the target,
√
m2/k2
represents the natural period of the target and
√
k2
m2
tt is the normalized impact du-
ration by the natural period of the target.
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MATLAB SIMULINK (APPENDIX A) calculations show how F1max and F2max
vary with
√
k2/m2tt for a range of masses and spring constants. Fig. 4.2 shows the
maximum force exerted on the structure, F1max/Ft, and on the target, F2max/Ft, as
a function of normalized time,
√
k2/m2tt, and mass ratio, m1/m2, for k1/k2 = 10.
Moreover, Fig. 4.3 shows the maximum force exerted on the structure, F1max/Ft, and
on the target, F2max/Ft, as a function of normalized time,
√
k2/m2tt, and spring
constant ratio, k1/k2 = 10, for m1/m2 = 1. Figs. 4.2 and 4.3 demonstrate:
1. The maximum force acting on the supporting structure is relatively constant
and approximately equal to Ft. This is what would be measured by placing an
accelerometer on the supporting structure.
2. The maximum force on the target depends on the transmitted impulse, It, when
the duration of the pulse is shorter than the natural period of the target (tt <√
m2/k2).
3. The maximum force on the target depends on the amplitude of the transmitted
force, Ft when the duration of the pulse is longer than the natural period of the
target (tt >
√
k2/m2).
Although this is a relatively simple dynamical model, it provides several important
conclusions about protecting targets from damage arising from blast:
1. The maximum force on the target does not necessarily correlate with the max-
imum force applied to the structure. A practical implication of this is that a
simple measurement of maximum acceleration of a skull may give no indication
of the force that a brain experiences. Skull acceleration measurements are a
useful part of the time-history record, and not the complete record.
2. The correct protective strategy depends on the duration of the blast compared
to the natural period of the target one is trying to protect. If the duration of
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Figure 4.2: Maximum force exerted on the structure, F1max/Ft, and on the target,
F2max/Ft, as a function of normalized time,
√
k2/m2tt, and mass ratio, m1/m2, for
k1/k2 = 10. The maximum force on the structure is relatively constant and approxi-
mately equal to the amplitude of the transmitted force. The maximum force on the
target depends on the transmitted impulse when the transmitted pulse is shorter than
the natural period of the target. It depends on the amplitude of the transmitted force
only when the pulse is longer than the natural period of the target.
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Figure 4.3: Maximum force exerted on the structure, F1max/Ft, and on the target,
F2max/Ft, as a function of normalized time,
√
k2/m2tt, and spring constant ratio,
k1/k2 = 10, for m1/m2 = 1. The maximum force on the structure is relatively constant
and approximately equal to the amplitude of the transmitted force. The maximum
force on the target depends on the transmitted impulse when the transmitted pulse
is shorter than the natural period of the target. It depends on the amplitude of the
transmitted force only when the pulse is longer than the natural period of the target.
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the blast is relatively long, then it is the amplitude of the transmitted force that
has to be reduced. If the duration of the blast is relatively short, then it is the
transmitted impulse that has to be minimized.
3. The duration of a blast event is generally very short (a few tens or hundreds
of microseconds). In the case of a brain as the target, the exact value for the
natural period of the brain is not well understood, however, the relaxation times
of the brain are in the range of 30 - 1000 msec [101]. Therefore the duration of
the blast is expected to be shorter than the natural period of the brain as well.
Thus the impulse becomes the damage-causing feature of the blast that has to
be minimized in the armor design.
4. Neurological studies of the blast-born TBI have shown that blast-induced learn-
ing and memory deficits can be reduced by immobilizing the head [37]. This
finding has been demonstrated in Fig. 4.3 in which both damaging features of a
blast (transmitted force and transmitted impulse) reduce as the ratio of k1/k2
increases by stiffening the “neck”. As Fig. 4.3 shows, as k1/k2 increases, the
force transmitted to the brain decreases.
4.3 Dynamic Model of an Elastic Behind-armor Target Ex-
posed to Impact
In Section 4.2, I investigated the dynamic response of the protected system (Fig. 4.1)
to the transmitted force, F (t), which was modelled as a decaying triangular pulse with
a peak force of Ft (at time t = 0), a duration of tt, and an impulse of It (= Fttt / 2).
The transmitted force, F (t), was a simplified representation of a blast load. Here, in
this section, I study the dynamic response of the same protected system (Fig. 4.1)
to a transmitted force, F (t), which is a representative of an impact load. Therefore,
F (t) is an isosceles triangular pulse with a duration of tt, a peak force of Ft occurring
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at t = tt / 2, and an impulse of It (= Fttt / 2). MATLAB SIMULINK (APPENDIX
A) was applied again to demonstrate how the maximum force exerted on the struc-
ture, F1max/Ft, and on the target, F2max/Ft, vary with normalized impact duration,√
k2/m2tt, for a range of masses and spring constants.
Fig. 4.4 shows the maximum force exerted on the behind-armor supporting struc-
ture, F1max/Ft, and on the target, F2max/Ft, as a function of normalized time,
√
k2/m2tt,
and mass ratio, m1/m2, for k1/k2 = 10. This figure demonstrates:
1. The maximum force acting on the supporting structure is relatively constant
and approximately equal to Ft when the duration of the pulse is shorter than
the natural period of the target (tt <
√
m2/k2).
2. The maximum force on the target depends on the transmitted impulse, It, when
the duration of the pulse is shorter than the natural period of the target (tt <√
m2/k2).
3. The maximum force on the target and on the supporting structure relates di-
rectly to the amplitude of the transmitted force, Ft, and relates inversely to
the duration of the pulse, tt, when the duration of the pulse is longer than the
natural period of the target (tt >
√
m2/k2).
The important conclusions about protecting targets from damage arising from
impact are:
1. The maximum force on the target does not necessarily correlate with the max-
imum force applied to the structure.
2. The correct protective strategy depends on the duration of the impact compared
to the natural frequency of the target one is trying to protect. If the duration
of the impact is long, then it is the amplitude of the transmitted force that has
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Figure 4.4: Maximum force exerted on the structure, F1max/Ft, and on the target,
F2max/Ft, as a function of normalized time,
√
k2/m2tt, and mass ratio, m1/m2, for
k1/k2 = 10. When the duration of the pulse is longer than the natural period of
the target, the maximum force on the target and on the supporting structure relates
directly to the amplitude of the transmitted force and relate inversely to the duration
of the pulse. When the duration of the pulse is shorter than the natural period of the
target, the maximum force acting on the supporting structure is relatively constant
while the maximum force on the target depends on the transmitted impulse.
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to be reduced. If the duration of the impact is short, then it is the transmit-
ted impulse that has to be minimized. This important appreciation that either
the pressure or the impulse can cause damage was recognized as long ago as
1941 [53], and is reflected in empirical head-injury criteria [44, 47, 104]. How-
ever, it is often only the peak acceleration of the supporting structure (skull)
that is measured in instrumented studies of impact [37, 82, 50, 17, 38], assuming
that it is only this that determines the acceleration of the brain and therefore
acts as a proxy for the damaging stresses.
4.4 Dynamic Model of a Visco-elastic Behind-armor Target
Exposed to Impact
In Section 4.3, I investigated the dynamic response of a protective system includ-
ing two point masses and two elastic springs (Fig. 4.1) to the transmitted impact load,
F (t). In that system, the response is fully elastic. In order to involve the visco-elastic
response of the system, here, in this section, I am adding to the protective system
a visco-elastic damper with a damping coefficient of C. Fig. 4.5 demonstrates such
a system. As shown in this figure, the supporting structure and the target, m1 and
m2, are coupled by an elastic spring of stiffness k2 and a dissipative dash pot with a
damping coefficient C. The motivation for this modification is a simple model of a
head in which the brain and the cerebrospinal fluid are made of viscoelastic materials.
In this system, equations of motion for the two masses, m1 and m2, are:
m1x¨1 = F (t)−K1x1 −K2[x1 − x2]− C[x˙1 − x˙2], (4.15)
m2x¨2 = K2[x1 − x2] + C[x˙1 − x˙2], (4.16)
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F(t)
m1 m2
k1 k2
x1 x2C
Figure 4.5: Dynamic model of a structural support of mass m1 attached to a rigid
foundation by a spring of stiffness k1, and coupled to a delicate target of mass m2
through a spring of stiffness k2 and a dash pot of coefficient C. A force F (t) is
transmitted to the structure either directly from the impact, or through the armor.
where x2 is the displacement of the target, x1 is the displacement of the structure
and x¨2 is the acceleration of the delicate target. The load that can cause damage
(acceleration) to the target is
F2(t) = K2(x1 − x2) + C[x˙1 − x˙2]. (4.17)
Consequently, the relationship between the impact force imposed on the structure,
F (t), and the force acting on the target, F2(t), is given by Eqn. 4.7. Assuming that
the structure and target are initially at rest (x1 = x2 = x˙1 = x˙2 = 0), the Laplace
transforms of Eqns 4.15 and 4.16 become
m1[s
2X1(s)] + C[sX1(s)− sX2(s)] +K1X1(s) +K2[X1(s)−X2(s))] = P (s), (4.18)
m2[s
2X2(s)]− C[sX1(s)− sX2(s)]−K2[X1(s)−X2(s)] = 0. (4.19)
The displacements x1 and x2 are still the outputs of the system. Therefore, there
shall be two transfer functions: the ratio of the Laplace transform of x1 to the Laplace
transform of F (t) and the ratio of the Laplace transform of x2 to the Laplace transform
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of F (t). These transfer functions are given by
G(s) =
X1(s)
F (s)
=
K2 + Cs+m2s
2
m1m2s4 + [Cm1 + Cm2]s3 + [K2m2 +K1m2 +K2m1]s2 + (Ck1)s+ (K1K2)
,
(4.20)
K(s) =
X2(s)
F (s)
=
K2 + Cs
m1m2s4 + [Cm1 + Cm2]s3 + [K2m2 +K1m2 +K2m1]s2 + (Ck1)s+ (K1K2)
.
(4.21)
Again, MATLAB SIMULINK was used to analyze the protected structure system
and the code is presented in APPENDIX B.
The protected system involves two point masses, m1 and m2, two springs, k1
and k2 and one dashpot, C. These properties plus the two characteristics of the
transmitted force, F (t), make a total of seven variables and three different units
to describe the maximum force acting on the supporting structure, F1max , and the
maximum force acting on the target, F2max . Therefore, according to the Buckingham-
Π theory [111, 128, 19], the resultant maximum forces must be a function of four
dimensionless groups:
Fimax
Ft
= f
(
m1
m2
,
k1
k2
,
√
k2
m2
tt,
C
m2
tt
)
, (4.22)
where i = 1 indicates the supporting structure, i = 2 indicates the delicate target,√
m2/k2 represents the natural period of the delicate target and m2 / C is the re-
laxation time of the target. In fact, the main difference between the two presented
systems (Fig. 4.1 versus Fig. 4.5) is in the number of time scales involved in the
system. In Fig. 4.1, the only time scale is the natural period of the target,
√
m2/k2,
while in Fig. 4.5, there are two time scales: the natural period of the target,
√
m2/k2,
and the relaxation time of the delicate target, m2 / C.
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MATLAB SIMULINK calculations show how F1max and F2max vary with
√
k2/m2tt
for a range of (C/m2)tt. Fig. 4.6 shows the maximum force exerted on the structure,
F1max/Ft as a function of normalized times
√
k2/m2tt and (C/m2)tt, for k1/k2 = 10
and m1/m2 = 1. Fig. 4.7 shows the maximum force exerted on the target, F2max/Ft,
as a function of normalized times
√
k2/m2tt and (C/m2)tt, for k1/k2 = 10 and m1/m2
= 1. Figs. 4.6 and 4.7 demonstrate:
1. The maximum force acting on the supporting structure is relatively constant
and approximately equal to Ft when the duration of the pulse is shorter than
both the natural period of the target and the relaxation time of the target (tt
<
√
m2/k2 and tt < m2/C).
2. The maximum force acting on the supporting structure depends on the ampli-
tude of the transmitted force, Ft when the duration of the pulse is shorter than
the natural period of the target (tt <
√
m2/k2) and larger than the relaxation
time of the target (tt > m2/C).
3. The maximum force on the target and on the supporting structure is directly
proportional to the amplitude of the transmitted force, Ft, and inversely pro-
portional to the duration of the pulse, tt, when the duration of the pulse is
longer than the natural period of the target (tt >
√
k2/m2).
4. The maximum force on the target depends on the transmitted impulse, It, when
the duration of the pulse is shorter than the natural period of the target which
itself is shorter than the relaxation time of the target (tt <
√
k2/m2 < m2 /
C).
5. The maximum force on the target only depends on the amplitude of the trans-
mitted force, Ft, when the duration of the pulse is shorter than the natural
period of the target which itself is longer than the relaxation time of the target
(tt <
√
k2/m2 and
√
k2/m2 > m2 / C).
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Figure 4.6: Maximum force exerted on the structure, F1max/Ft as a function of normal-
ized times
√
k2/m2tt and (C/m2)tt, for k1/k2 = 10 and m1/m2 = 1. The maximum
force acting on the supporting structure is relatively constant and approximately equal
to the amplitude of the transmitted force when the duration of the pulse is shorter
than both the natural period of the target and the relaxation time of the target. It
depends on the amplitude of the transmitted force when the duration of the pulse
is shorter than the natural period of the target and larger than the relaxation time
of the target. Finally, it is directly proportional to the amplitude of the transmitted
force and inversely proportional to the duration of the pulse when the duration of the
pulse is longer than the natural period of the target.
Although this is still a relatively simple dynamical model, there are several im-
portant conclusions:
1. The maximum force on the target does not necessarily correlate with the max-
imum force applied to the structure.
2. The correct protective strategy depends on the relative values for the duration
of the impact, the natural period of the target and the relaxation times of the
target one is trying to protect. If the duration of the impact is long relative
to the natural period of the target, then it is the amplitude of the transmitted
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Figure 4.7: Maximum force exerted on the delicate target, F2max/Ft as a function
of normalized times
√
k2/m2tt and (C/m2)tt, for k1/k2 = 10 and m1/m2 = 1. The
maximum force acting on the target depends on the transmitted impulse when the
duration of the pulse is shorter than the natural period of the target which itself
is shorter than the relaxation time of the target. It depends on amplitude of the
transmitted force when the duration of the pulse is shorter than the natural period
of the target which itself is longer than the relaxation time of the target Finally,
it is directly proportional to the amplitude of the transmitted force and inversely
proportional to the duration of the pulse when the duration of the pulse is longer
than the natural period of the target.
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pressure that has to be reduced. If the duration of the impact is short relative
to the natural period of the target, then depending on the relative values for the
natural period of the target and the relaxation times of the target, it is either
the transmitted impulse or the amplitude of the transmitted pressure that has
to be minimized.
3. In the case of the human brain as the target, the values for its natural periods
are not well understood, however, the relaxation times of the brain are in the
range of 30 - 1000 msec [101]. Since the relative values for the natural period of
the brain and the relaxation times of the brain are not well identified, the con-
servative design approach is to minimize both damaging features of the impact
including the transmitted impulse and the transmitted pressure.
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CHAPTER V
Mechanics of Blast/Impact Mitigation
As discussed in Chapter IV, the damage (stress or acceleration) on the delicate
target (i.e. brain) is controlled by either the amplitude of the transmitted pressure
or the transmitted impulse to the structural support (i.e. skull). The relative impor-
tance between the two parameters depends on the relative values for the duration of
the blast/impact, the natural period of the target, and the relaxation times of the
target. No matter what the relative values for the three time scales of the system
are, if the duration of the blast/impact is long relative to the natural period of the
target, it is the amplitude of the transmitted pressure responsible for the damage
to the brain. In the case where there is not enough information available about
the exact values for the three time scales of the system, the conservative approach
is to design a protective structure that can mitigate both the impulse and pressure
amplitude to minimize the transmission of these parameters to the structural support.
5.1 Pressure Mitigation
5.1.1 Impedance Mismatch
Here I start with the investigation of the wave propagation in a linear elastic thin
plate having Young’s modulus of E, density of ρ and length of L. With the definition
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of a thin plate, I make the assumption that the transverse displacements can be
neglected in comparison to the longitudinal displacement. To investigate, I need to
solve the second-order linear partial differential wave equation. In its simplest 1D
form, the wave equation concerns a time variable t, a spatial variable x and a scalar
function u = u (x, t), whose values could model the displacement of a wave:
∂2u
∂x2
=
1
C2
∂2u
∂t2
, (5.1)
where the constant C is the propagation speed of the wave calculated as
√
E/ρ.
Eqn. 8.1 alone does not specify a solution; a unique displacement solution, u(x, t), is
usually obtained by setting a problem with further conditions: initial conditions and
boundary conditions. Once displacement, u(x, t), is solved, particle velocity v(x, t)
and stress wave σ(x, t) can be easily calculated as
v(x, t) =
∂u(x, t)
∂t
, (5.2)
σ(x, t) = E
∂u(x, t)
∂x
. (5.3)
For the purposes of this thesis, which mostly focuses on one-dimensional geome-
tries, instead of solving the actual wave equation (Eqn. 8.1), an alternative method
of 1D x-t diagram is applied to identify how the stress wave, σ(x, t), propagates in
the plate. The x-t diagram provides a systematic presentation of the progress of a
family of stress waves such that it is easy to identify the stress level at any point x in
a system at a chosen time t [11]. One example of the x-t diagram is shown in Fig. 5.1.
This figure demonstrates how the stress wave, σ(x, t), propagates in a free-free plate
(a plate free to move on both sides with no adjacent plates) and a free-fixed plate
(a plate free to move in one side and adjacent to a rigid massive wall on the other
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side) exposed to a square pressure wave with over-pressure Po and duration to. to is
assumed to be half the propagation time of the elastic wave, t1, which is defined as
L/C. t1 is the time it takes for the stress wave to pass though the whole length of
the plate and C is the propagation wave speed. A compressive pulse of intensity -Po
is reflected as a tensile wave +Po when it strikes a free surface. However, if a com-
pressive pulse of intensity -Po travels towards a fixed end, the reflected wave is also
compressive and for the duration of the interaction of the pulse with the fixed surface,
the wall experiences a stress of intensity -2Po. Fig. 5.1 shows that the natural period,
Tn, of the propagating stress wave for a free-free plate and a free-fixed plate are 2t1
and 4t1, respectively. Later in chapter VI, I will take advantage of the calculated nat-
ural period of the propagating stress wave in a free-free plate for tuning blast/impact.
When an incident compressive stress wave of amplitude σi travelling in material A
strikes an interface with material B, the stress wave is partially reflected to material
A as σr and partially transmitted to material B as σt. Equilibrium at the interface
assuming all waves are compressive and positive yields
σi + σr = σt. (5.4)
In general, the particle velocity, v, in an elastic material, as a function of stress
amplitude, σ, Young’s modulus, E, and density, ρ, is in the form of [66]
v =
σ√
Eρ
. (5.5)
Compatibility at the interface of material A and B requires
vi − vr = vt. (5.6)
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Figure 5.1: X-T diagram for the propagating stress wave in a free-free plate and a
free-fixed plate exposed to a square blast with over-pressure Po and duration to: to =
t1/2 where t1 is the time it takes for the pressure wave to pass through the length of
the plate. The natural period, Tn, of the propagating stress wave for a free-free plate
and a free-fixed plate are 2t1 and 4t1, respectively.
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Substituting Eqn. 5.5 into Eqn. 5.6 gives
σi√
EAρA
− σr√
EAρA
=
σt√
EBρB
, (5.7)
where E is the Young’s modulus, ρ is the density, and the subscripts A and B indicate
the two materials. Combining Eqns. 5.4 and 5.7 and solving for the magnitude of the
transmitted stress wave, σt, and the magnitude for the reflected stress wave, σr, gives
us
σt =
2
√
EBρB√
EAρA +
√
EBρB
σi, (5.8)
and
σr =
√
EBρB −
√
EAρA√
EAρA +
√
EBρB
σi, (5.9)
where
√
EAρA and
√
EBρB are the acoustic impedances of material A and material
B, respectively. As indicated by Eqn. 5.8, the magnitude of a transmitted stress
wave is reduced by making the acoustic impedance of material B much smaller than
that of material A. This is called impedance mismatch approach to minimize the
transmission of stress amplitude. The impedance-mismatch approach has no effect
on mitigating impulse.
5.1.2 Plateau Compressive Yield Stress in Cellular Foams
Cellular materials including metal foams and elastomer foams are an alternative
in mitigating the transmitted stress amplitude due to their unique constitutive be-
havior. Three stages can be identified in the uniaxial compression stress-strain curve
of cellular materials (see Fig. 5.2). In Stage I, deformation is in the form of bending
of the cell walls and edges and in general, is linear and reversible. In Stage II, defor-
mation proceeds at almost constant yield stress, σy, over a broad strain range. The
deformation in this stage is unrecoverable. The favorable design regime is Stage II
64
Stage I
Stage II
Stage III
Figure 5.2: General stress-stain curve for cellular materials.
where the transmitted stress amplitude is limited to σy. Finally, in Stage III, cell
walls and edges contact each other, giving rise to a steeply rising stress [11]. Fig. 5.2
shows a schematic stress-strain curve for compression in cellular foams.
In cellular foams, plastic deformation is irreversible and limited to a single use.
Once an element of material has plastically deformed, it is unavailable to absorb
energy from subsequent stress waves of the same magnitude. Fig. 5.3 (b) demonstrates
this limitation aspect of cellular foams. After the first loading into the plastic region
up to the densification strain, εdensification, a subsequent unloading results in a plastic
strain, εpl. For the second loading, the material has been densified and the starting
point in the stress-strain curve would be the point at which the first unloading ends
(εpl). The response of the foam would proceed elastically into the densification region
with little or no further dissipation.
5.1.3 Stress Relaxation in Visco-elastic Polymers
Linear visco-elastic response is modeled as a Standard Linear Solid (SLS) which
consists of a linear spring in parallel with one Maxwell element (one spring and one
viscous damper connected in series). The parameters describing the constitutive
properties are an unrelaxed modulus, Eu, a relaxed modulus, Er, and a relaxation
time, τ . The constitutive partial differential equation (PDE) for SLS materials is of
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Figure 5.3: Cellular foams versus visco-elastic SLS materials: plastic deformation is
irreversible and limited to a single use, while visco-elastic deformation is reversible
and able to dissipate energy over multiple cycles.
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the form [139]
σ˙(τ) + σ = ε˙(τEu) + ε(Er). (5.10)
In response to a constant strain input, ε (t) = εo, the PDE simplifies to
σ˙(τ) + σ = εo(Er), (5.11)
and the output stress becomes
σ(t) = εo[Er + (Eu − Er)e−tτ ]. (5.12)
Stress relaxation describes how polymers relieve stress under constant strain. As
shown in Eqn. 5.12, stress relaxes over time from εoEu to εoEr therefore the trans-
mitted stress amplitude reduces to εoEr if enough time for full stress relaxation is
available.
5.2 Impulse Mitigation
5.2.1 Energy Dissipation
The transmitted impulse is affected by energy dissipation within the armor, and
by the relative masses of the armor and protected system. To investigate, a simple,
rigid-body-dynamics analysis in which an armor collides with a protected structure
is considered first with no energy dissipation involved in the armor (perfectly-elastic
collision) and then with energy dissipation in the armor (perfectly-inelastic collision).
I start with a perfectly-elastic collision in which the armor is a rigid body with a
concentrated mass of ma exposed to a zero-period pressure pulse with impulse of Io
to protect a rigid protected structure with a concentrated mass of ms. As the original
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pressure pulse hits the armor, by conservation of momentum, the armor reaches an
initial velocity of Vo while the target is still stationary. The equation for Vo is
Vo =
Io
ma
. (5.13)
As the armor with an initial velocity of Vo and kinetic energy of
1
2
maV
2
o impinges
upon the target structure, a part of the armor’s momentum and kinetic energy is
transmitted to the target causing the target to move with a velocity of Vs, while the
velocity of the armor changes to Va. Conservation of momentum tells us
maVo = maVa +msVs. (5.14)
By substituting Eqn. 5.13 into Eqn. 5.14 and rearranging the terms, the expression
for Va becomes
Va =
Io −msVs
ma
(5.15)
Conservation of energy is
1
2
maV
2
o =
1
2
maV
2
a +
1
2
msV
2
s . (5.16)
By combining Eqns. 5.15 and 5.16, an expression for Vs independent of Va is obtained
as
Vs =
Io
ms
(
2ms
ma
1 + ms
ma
), (5.17)
where Vsms is the transmitted impulse from the armor to the protected structure and
I call it It. Therefore, the ratio between the impulse transmitted to the structure, It,
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Figure 5.4: The ratio between the impulse transmitted to the structure and the orig-
inal impulse imparted to the armor, It/Io versus the mass ratio, ms/ma for perfectly
elastic collision (blue solid line) and perfectly plastic collision (red dash line).
and the original impulse imparted to the armor, Io, is [52]
It
Io
=
2ms
ma
1 + ms
ma
. (5.18)
Fig. 5.4 demonstrates It/Io versus the mass ratio, ms/ma, for a perfectly-elastic col-
lision (Eqn. 5.18). As shown in this figure, one approach for mitigating impulse is to
use massive armor (ma >> ms).
An approach that relies on heavy armor conflicts with a common design criterion
of minimizing mass. An alternative approach is to reduce the transmitted impulse
by dissipating energy within the armor. Here, I introduce energy dissipation in the
armor and consider a perfectly-inelastic collision between the armor, ma, and the
protected structure, ms. As the original pressure pulse with impulse, Io, hits the
armor, by conservation of momentum, the armor reaches an initial velocity of Vo
while the target is still stationary. Vo is still calculated as Eqn. 5.13. As the armor
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with this initial velocity of Vo impinges upon the target structure, the armor and the
target structure move with the same velocity (Vs = Va). Conservation of momentum
tells us
maVo = (ma +ms)Vs. (5.19)
Therefore, the ratio between the impulse transmitted to the structure, It, and the
original impulse imparted to the armor, Io, becomes [52]
It
Io
=
ms
ma
1 + ms
ma
. (5.20)
Fig. 5.4 demonstrates It/Io versus the mass ratio, ms/ma, for a perfectly-inelastic
collision (Eqn. 5.20). As shown in this figure, introducing energy dissipation results
in lower transmitted impulse for any given mass ratio. For instance, assuming equal
masses for the armor and the protected structure (ms/ma = 1), the normalized trans-
mitted impulse, It/Io, drops from unity for a perfectly-elastic collision to 0.5 for a
perfectly-inelastic collision.
If this reduction in impulse is not enough to protect the target, an alternative de-
sign approach is needed: either more massive armor, or an increase in the interaction
time (to) to move the design space to one in which it is the pressure, not the impulse,
that needs to be mitigated (refer to Chapter IV).
An additional consideration raised by Eqns. 5.18 and 5.20 is that there is a limit
to the possible reduction in transmitted impulse, which depends on the mass of the
armor. However, as mentioned above, if the time scale of a pressure pulse is in-
creased, it may be possible to move the design space to the regime in which damage
is definitely correlated to the amplitude of the pressure. Unlike impulse that has a
dissipation limited to the conservation of momentum and energy, there is no limita-
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tion with dissipating pressure.
5.2.2 Plastic Foams versus Visco-elastic Polymers
Energy can be dissipated in armor using mechanisms such as plasticity and visco-
elasticity, as well as friction and delamination. Here, I am focusing on the energy
dissipation mechanism in visco-elastic polymers and its advantages relative to the
energy dissipation mechanism in plastic foams.
When a sinusoidally varying strain ε(t) = εo sin(ωt) is applied to a SLS material,
the stress will lag behind the strain such that σ(t) = σo sin(ωt - δ) where δ is the
phase lag. The stress equation σ(t) may be expanded to give
σ(t) = σo sin(ωt) cos(δ) + σo cos(ωt) sin(δ), (5.21)
where ω is the angular velocity equal to 2pif or 2pi/T , where f is the cyclic frequency
in hertz (Hz) and T is the period of the sinusoidal oscillation. Stress in Eqn. 5.21 can
be considered to have two components:
• σocos(δ) which is in phase with the strain,
• σosin(δ) which is 90 degree out of phase with strain.
This leads to the definition of two dynamic moduli:
• storage modulus : E ′ = σo cos δ/εo,
• loss modulus : E” = σo sin δ/εo.
From these two moduli, it is possible to define a complex modulus, E˜ as
E˜ =
σ
ε
=
√
E ′2 + E”2 = E ′ + iE”, (5.22)
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where i =
√−1. Here, I am interested in tanδ known as the loss tangent which is a
measure of viscous energy dissipation in visco-elastic materials. After some deriva-
tions, tanδ is obtained as [139]
tan δ =
E”
E ′
=
τω(Eu − Er)
Er + Eu(τω)2
. (5.23)
As shown in Eqn. 5.23, tanδ is a function of SLS material parameters (Er, Eu,
and τ) and the excitation angular frequency, ω in rad/sec. Considering any three
combination of Er, Eu, and τ , tanδ reaches its maximum limit at a particular angular
frequency called the critical damping angular frequency, ωcrit:
ωcrit =
√
Er
Eu
τ
= 2pifcrit, (5.24)
where fcrit is the critical damping frequency in Hz. The maximum value of tanδ at
fcrit represents the maximum energy dissipation possible and is calculated as
tan δmax =
Eu − Er
2
√
ErEu
. (5.25)
Hence, to achieve optimal viscous energy dissipation:
• the excitation frequency of the stress wave in a visco-elastic material should
match the critical damping frequency of the material, fcrit, and
• the difference in the relaxed and unrelaxed moduli should be as large as possible.
Therefore, the limitation in the viscous energy dissipation mechanism is that the
efficiency with which energy is dissipated within visco-elastic materials depends on
the amplitudes and frequencies of the stress waves traveling through them. In gen-
eral, the stresses induced by a blast or impact exhibit a broad range of frequency
components, only a few of which will be associated with the optimal damping of a
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particular visco-elastic material. Therefore, the introduction of a layer of visco-elastic
material into armor, without thought about its characteristic frequencies, may not
be useful. The challenge is to tune the stresses induced by a blast or impact to a
controllable characteristic frequency in the visco-elastic material and to match this
characteristic frequency to the critical damping frequency of the material.
The attractive aspect of energy dissipation in visco-elastic materials is that visco-
elastic deformation is reversible, not limited to single use and most importantly, can
dissipate energy over multiple cycles as shown in Fig. 5.3 (b). A higher excitation
frequency leads to more loading-unloading cycles and therefore, a higher cumulative
dissipation. In other words, energy dissipation capabilities of visco-elastic materials
can accumulate significantly if the period of the excitation stress wave is small relative
to the time it takes for the wave to pass through the visco-elastic layer. This attrac-
tive aspect does not exist is cellular foams in which plastic deformation is irreversible
and limited to single use. The comparison of loading-unloading in the stress-strain
curves of visco-elastic SLS materials and cellular foams is depicted in Fig. 5.3.
The final consideration in energy dissipation management of visco-elastic materi-
als is associated with the characteristic relaxation time, τ and its effect on tan δ in
Eqn.5.23. Fig. 5.5 plots tan δ versus ω for different values of τ , considering constant
values for Eu and Er. As τ gets smaller, the critical damping frequency, fcrit, in-
creases (Eqn. 5.24) and most interestingly, the tan δ peak broadens and a wider range
of frequencies experience large tan δs.
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Figure 5.5: tan δ versus frequency for different values of τ : Eu and Er are constant.
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CHAPTER VI
Novel Design Concept: Blast/Impact Tuning and
Mitigation
6.1 The Concept of Tuning
As discussed in Section 5.2.2, an optimally dissipative visco-elastic material is one
in which the frequency of the excitation stress wave matches the critical damping
frequency. The problem with using visco-elastic materials to dissipate the energy of
a blast or impact is that the impulse is usually delivered to the protective structure
in the form of a single pulse, which induces stress waves that are represented by a
wide range of frequencies in the Fourier domain. Both of these considerations, the
single pulse and the wide range of characteristic frequencies, might appear to make
visco-elastic materials unattractive for energy dissipation in this application. How-
ever, as will be explained in this chapter, it is possible to use a multi-layered structure
to tune the stresses to characteristic frequencies that can then be dissipated by an
appropriate choice of visco-elastic materials [122, 99].
To achieve the tuning required to realize optimal damping, two layers of materials
need to be placed between the threat and the visco-elastic layer. Therefore, the
protective structure has three layers:
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• The first layer, closest to the threat, should be a stiff, linear-elastic material
(here, I also assume it to be isotropic), having a large acoustic impedance rel-
ative to the second layer. The length of the first layer in the direction of wave
propagation is L1, the modulus is E1, and the density is ρ1.
• The second layer should also be elastic. The length of this second layer is
L2, the modulus is E2, and the density is ρ2. The acoustic impedance of the
second layer needs to be much less than that of the first layer to ensure tuning:
√
E1ρ1 >>
√
E2ρ2. As a result of this acoustic mismatch, the internal stress
reflections between this interface and the surface of the protective structure will
tune the stress vibrations to a characteristic value of
fA =
√
E1/ρ1
2L1
. (6.1)
Numerical simulations using the commercial finite-element code ABAQUS [1]
confirmed that Eqn. 6.1 provides an accurate description of this characteristic
frequency provided the ratio between the impedances of the two layers is about
70.
• The third layer should be the visco-elastic layer that dissipates the energy of
the tuned blast/impact. This layer has length L3, density ρ3, unrelaxed modu-
lus Eu, relaxed modulus Er, and time constant τ . The properties of this layer
should be such that its characteristic damping frequency, fcrit, matches the
tuned frequency, fA, given by Eqn. 6.1.
The energy dissipated in a visco-elastic material increases with the number of load-
ing and unloading cycles, and with their amplitude as long as the respond remains
in the visco-elastic layer. This adds some additional considerations to the design of
76
multi-layered protective structure. First, the impedance mismatch between the first
and second layers must be just large enough to provide good tuning without exces-
sively reducing the amplitude of the stresses that eventually get transmitted into the
energy-absorbing layer. For a similar reason, to ensure a reasonable amplitude of
stress waves for dissipation, the impedance of the third layer must be relatively high
compared to the impedance of the second layer. Furthermore, the need to have many
stress cycles within the visco-elastic layer suggests that the tuned frequency should be
as high as possible, consistent with finding a material with a suitable time constant.
The higher the frequency, the less material is needed to dissipate the energy (for a
given wave speed). The potential materials challenge from a development perspective
is that the frequencies associated with this tuning will be in a range for which the
properties of polymers have only received limited study [5, 102, 15, 54].
6.2 Finite Element Analysis Preparation
In this thesis, I used a commercial finite-element code, ABAQUS Explicit [1], to
analyze blast/impact mitigation. In these analyses, the internal interactions within
the protected structure, between the supporting structure and the delicate target,
were not addressed. It was assumed that the characteristics of the pressure pulse
that the structure can support without damage to the target are known from a sep-
arate analysis of the protective structure. I, therefore, compared the maximum am-
plitude of the stress wave, Pt, and impulse, It, transmitted through the protective
structure to an elastic structure behind it, to the corresponding values of Po and Io
of the original pressure pulse applied to the surface of the protective structure. The
relative ratios of Pt/Po and It/Io were taken as the two primary measures of perfor-
mance of the protective structure, and used for comparisons between different designs.
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Figure 6.1: Geometry of the protective structure and protected structure exposed to
a time-varying normal load, P (t), analyzed in the finite-element model.
The protective structure and the protected structure were modeled using three-
dimensional, eight-node brick elements with reduced integration. The geometry is
shown in Fig. 6.1. The displacements along one set of xz- and xy-faces were con-
strained in the y- and z- directions, respectively. The other xz- and xy-faces were
traction-free. The interfaces between the internal layers of the protective structure
were bonded. The protected structure was a solid, linear-elastic block. The interface
between the protected structure and the protective structure was frictionless. A pres-
sure P (t) was applied to the external surface of the protective structure along the x
-direction (Fig. 6.1). This pressure decayed linearly to zero from an initial value of
Po during a time to. It was verified that the major conclusions of the study were not
sensitive to this particular choice of P (t).
The peak pressure transmitted to the protected structure, Pt, was taken to be
the maximum value of the longitudinal stress at the internal surface of the protective
structure as calculated from the finite-element calculations. Determining the trans-
mitted impulse was more complicated. As will be discussed in more detail later, two
distinct types of behavior were observed. In one type of behavior, momentum was
transferred to the protected structure in a single broad pulse. In the other type of
behavior, momentum was transferred over a large number of broad pulses separated
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by significant periods of time. Owing to the time scales involved, only the impulse
delivered in the first broad pulse was considered. Therefore, rather than comparing
Io to the total transmitted impulse, I compare it to the effective transmitted impulse
Ieff , determined by integrating the longitudinal stress at the internal surface of the
protective structure over the first broad pulse delivered to the structure. The calcu-
lations for the transmitted impulse were verified by comparing it to the momentum
of the protected structure.
Since a commercial code was used, considerable care was taken to reduce the
effects of any spurious numerical artifacts to below an acceptable level of numerical
uncertainty that I indicate on the plots. For example, the bulk viscosity parameter
(which by default is 0.06 in ABAQUS Explicit, resulting in some artificial dissipation)
was changed to zero, and double-precision was used for the solutions. Additional
concerns were to ensure that the effects of the two non-dimensional groups involving
the time-step and mesh size were no larger than the uncertainties introduced by
any of the other unspecified non-dimensional groups (see Section 6.3.1). I did this
by ensuring an adequate number of time steps and nodes for the highest frequency
and shortest wavelength of interest. To satisfy the first requirement, the highest
frequency and its associated period were identified, and the time increment was set
to be no more than 20% of the period. To satisfy the second requirement, the shortest
wavelength in a simulation was identified, and the largest element size was set to be
no more than 20% of that wavelength. Since the incoming blast/impact sets up a
spectrum of (unknown) frequencies in layer 1 initially, the highest frequency cannot
be easily identified. In this analysis, I have assumed the highest frequency to be fA.
I also ensured that the Courant-Friedrichs-Lewy (CFL) [109] condition was met by
setting the Courant number to 0.2. Finally, I verified that any change in the solution
introduced by further mesh or temporal refinement was insignificant within the limits
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of the error bars I quote in the results.
6.3 Analysis of the Three-Layered Protective Structure
6.3.1 Non-dimensional Analysis
In the analyses of the protective structure, it was assumed that each layer was
isotropic. Layer 1 had a Young’s modulus of E1, a density of ρ1, and a length of
L1. Layer 2 had a Young’s modulus, of E2, a density of ρ2, and a length of L2. The
visco-elastic layer was modeled as a standard-linear solid with an unrelaxed modulus
of Eu, a relaxed modulus of Er, a characteristic relaxation time of τ , a density of ρ3,
and a length of L3. The plate representing the supported structure had a Young’s
modulus of Es, a density of ρs, and a mass of ms. These properties, plus the two
characteristics of the blast/impact, Po and to, make a total of sixteen variables and
three different units to describe the propagation of the stress wave through the protec-
tive structure. Therefore, according to the Buckingham-Π theory [111, 128, 19], the
resultant impulse and pressure must be a function of thirteen dimensionless groups.
A series of finite-element calculations indicated that seven groups could be reason-
ably neglected for the calculations that are presented, leaving Ieff and Pt as functions
of six dimensionless groups:
Ieff
Io
= f
(
E1ρ1
E2ρ2
,
ms
ρ1L1 + ρ2L2 + ρ3L3
,
fcrit
fA
,
t3
t1
,
Ecritρ3
E2ρ2
,
Er
Eu
,
)
Pt
Po
= f
(
E1ρ1
E2ρ2
,
ms
ρ1L1 + ρ2L2 + ρ3L3
,
fcrit
fA
,
t3
t1
,
Ecritρ3
E2ρ2
,
Er
Eu
)
(6.2)
In these expressions, the critical frequency, fcrit, and the tuned frequency, fA, have
been defined in Eqns. 5.24 and 6.1. Ecrit is the storage modulus of the third layer at
the critical frequency [139], t1 is the time for a stress wave to travel through layer 1,
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and t3 is the time for a stress wave at the critical frequency to travel through layer 3:
Ecrit = (2EuEr)/(Eu + Er),
t1 = L1
√
ρ1/E1 = 1/2fA,
t3 = L3
√
ρ3/Ecrit . (6.3)
The first non-dimensional group, E1ρ1/E2ρ2, is the square of the impedance mis-
match between the first two layers. As discussed earlier, this needs to be large enough
to ensure tuning, but small enough to make sure that the stress waves pass through
to the visco-elastic layer where they can be damped. A series of finite-element calcu-
lations indicated that the optimal level for the impedance mismatch is about 70. So,
in all the calculations that follow, I set:
E1ρ1
E2ρ2
= 5, 000. (6.4)
The second non-dimensional group is the relative mass of the protected structure
to the mass of the protective structure. As indicated in Section 5.2.1, the transmitted
impulse decreases with the relative mass of the protective structure. Therefore, to
provide a point of comparison between the different calculations, I set:
ms
ρ1L1 + ρ2L2 + ρ3L3
= 1. (6.5)
The effects of the other four important non-dimensional groups will be seen in the
results that follow.
During the calculations, the remaining seven non-critical groups were allowed to
vary within fairly broad ranges:
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0.1 < to/t1 < 10,
0.08 < L1/L2 < 10,
5 < E1/E2 < 25, 000,
7× 10−5 < Ecrit/E2 < 60,
Esρs/Ecritρ3 > 8, 000,
0.8 < ρs/ρ3 < 2,
10−5 < Po/E1 < 0.4.
From a materials design perspective, the above range limits were chosen consider-
ing the proposed protective structure made of a tough plastic polymer with a density
in the range of 900 - 2000 kg/m3 and a Young’s modulus in the range of 0.1 - 5 GPa
(first layer), a compliant elastic foam with a density in the range of 10 - 500 kg/m3
and a Young’s modulus in the range of 0.2 - 20 MPa (second layer), and a visco-elastic
polymer with a density in the range of 800 - 1500 kg/m3 (third layer), whereas the
supporting structure is made of a hard, dense elastic material with material proper-
ties close to the ones for skull. The error bars shown on the figures are the result of
both numerical uncertainties and the variations of these non-critical groups.
6.3.2 Temporal Stress Distributions
A well-tuned wave is expected to be optimally damped at fcrit/fA = 1, and the
effectiveness of the damping is expected to increase with the number of cycles that
the pressure wave experiences in the visco-elastic layer. The first concept is illus-
trated by the plots in Figs. 6.2 and 6.3 that show minima in the effective impulse and
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Figure 6.2: The effective impulse is minimized after passage through a three-layer
visco-elastic protective structure when fcrit/fA = 1. The transmitted impulse occurs
in a single pulse for Er/Eu > 0.005. For lower values of Er/Eu, the impulse is
transmitted in a series of pulses, so Ieff < Io/2. When Er/Eu > 0.1, there is negligible
dissipation in the protective structure, and there is no reduction in the transmitted
impulse.
transmitted pressure at fcrit/fA = 1. The second concept is illustrated by the plots
in Figs. 6.4 and 6.5 that show how the effective impulse and transmitted pressure
decrease as the time for the stress wave to traverse the visco-elastic layer is increased.
This travel time can be increased either by increasing the thickness of the visco-elastic
layer, or by decreasing the wave speed.
Figs.6.2 and 6.4 show that there is no significant reduction in the effective im-
pulse if Er/Eu ≥ 0.1, because there is no energy dissipation, even for a well-tuned
protective structure. Correspondingly, the drop in the amplitude of the transmitted
pressure for Er/Eu ≥ 0.1 shown in Figs. 6.3 and 6.5 is determined only by impedance
mismatch. Finally, it will be noted from the plots in Figs. 6.2 and 6.3 that, when
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Figure 6.3: A significant reduction in the transmitted peak pressure can be achieved
with a well-tuned, three-layer visco-elastic protective structure. The reduction in this
peak pressure is increased as the ratio Er/Eu is reduced. When Er/Eu > 0.1, there
is negligible dissipation in the protective structure, and any reduction in the pressure
pulse occurs only because of impedance mismatch.
Figure 6.4: For a well-tuned three-layer protective structure, the effective impulse
drops with the time taken for the stress wave to traverse the visco-elastic layer.
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Figure 6.5: For a well-tuned three-layer protective structure, the maximum amplitude
of the transmitted pressure drops with the time taken for the stress wave to traverse
the visco-elastic layer, since this allows an increase in energy dissipation.
Er/Eu is small, the minima are fairly broad for values of fcrit/fA > 1. This can be ex-
plained by reference to Eqns. 5.23 and 5.24; as Er/Eu becomes smaller, tan δ exhibits
a broader peak skewed to fcrit/fA > 1. As will be discussed later, this may have
significant practical importance from a design perspective in reducing the sensitiv-
ity of the performance of the protective structure to variations in operating conditions.
6.3.3 Spatial Stress Distributions
In the results that follow, it will be observed that there are regimes in which
the transmitted impulse appears to be less than 0.5Io; less than that expected to
be transmitted by a perfectly-inelastic protective structure. This can be explained
by reference to Fig. 6.6, which shows how the pressure can be transmitted to the
protected structure through widely spaced pulses. This figure illustrates finite-element
results of how the pressure varies with time for three different elements within the
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visco-elastic layer: at the front edge of the layer (element 1), in the middle of the
layer (element 2), and at the back of the layer (element 3). The magnitude of the
peak pressure that enters the visco-elastic layer depends on the impedance mismatch
between layers 2 and 3. This pressure is then attenuated as it travels through the
visco-elastic material.
• Poorly-tuned protective structure transmits the impulse over a single broad
pulse, after which contact is lost (in the scenario used here of an untethered
protected structure). The transmitted impulse in such a case can be anywhere
between 100 and 50 % of the incident impulse (in this case of equal masses),
depending on the amount of damping (refer to Fig. 6.6 (c)).
• Good tuning and dissipation results in only some of the impulse being trans-
mitted in the first pulse before contact is lost with the protected structure;
the rest of the impulse is then transmitted when there is subsequent contact,
sometimes after multiple internal reflections within the protective structure.
The impulse transmitted to the protective structure in the initial pulse is the
“effective” impulse, Ieff , since the subsequent pulses occur so much later that
they will probably have no significant effect on the target. The transmitted
impulse in the first pulse can be less than 50 % of the incident pulse. However,
contact is subsequently re-established and further increments of momentum are
transferred to the protected structure at intervals of 1/fB, until the full 50 %
has been transmitted (refer to Fig. 6.6 (a) and (b)). fB has been explained in
Section 6.3.4.
Examples of the form of the stress waves at different locations within the protec-
tive structure are given in Fig. 6.7 at a normalized time of fAt = 46. This time is
chosen to be somewhere within a regime for which the stress wave is fully within layer
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a)
c)
Figure 6.6: Pressure waves at the beginning, middle, and end of the visco-elastic layer:
(a and b) in a well-tuned system with fA/fcrit = 1, (c) in a poorly-tuned system with
fA/fcrit = 0.01. The values of the other groups are given by Ecritρ3/E2ρ2 = 1,
Er/Eu = 0.001, t3/t1 = 100 in a, b, and c. A detail of the stress waves for the first
case (a) is shown in (b). These figures show how, in a well-tuned system, the latter
parts of the impulse can be transmitted to the protected structure in pulses separated
by time intervals that are increments of 1/fB. While in a poorly-tuned system, the
impulse gets transmitted to the protected structure over a single broad pulse.
87
a)
b)
Figure 6.7: A spatial plot showing an example of how the magnitudes of the stress
waves vary as a function of distance through the protective structure for a well-tuned
system (fcrit/fA = 1), and two poorly-tuned systems (fcrit/fA = 0.01, 100). A detail
of the stress waves for the first case (a) is shown in (b). These plots were taken at a
normalized time of fAt = 46. The values of the other groups are given by Ecritρ3/E2ρ2
= 1, Er/Eu = 0.001, t3/t1 = 100.
3. The spatial plots in Fig. 6.7 show how the magnitudes of the stress waves vary as a
function of distance through the protective structure for a well-tuned system (fcrit/fA
= 1), and two poorly-tuned systems (fcrit/fA = 0.01, 100).
6.3.4 Stress Distributions in Frequency Domain
It was noted from the results of the finite-element analyses that, in addition to
fA, two other, significantly lower, characteristic frequencies, fB and fC , enter the
viso-elastic layer in a tuned system. These other two frequencies have periods cor-
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responding to the times for the tuned wave to traverse the third and second layers,
respectively. To illustrate, Figs. 6.8 and 6.9 show pressure waves (in time and fre-
quency domains) at the beginning, middle, and end of the visco-elastic layer, in a
well-tuned system (with fA/fcrit = 1) and in a poorly-tuned system (with fA/fcrit =
0.01), respectively. A well-tuned system dissipates all the energy carried by fA while
in a poorly-tuned system, there is no significant reduction in the impulse carried by
any of these three frequencies.
To identify the contribution of fA in carrying impulse relative to the other two
lower frequencies, I applies Parseval’s theorem. The interpretation of this theorem
is that the total energy contained in a waveform x(t) summed across all of time t is
equal to the total energy of the waveform’s Fourier Transform X(f) summed across
all of its frequency components f . The spectral analyses of the waves in the first
element of the visco-elastic material indicated that, for a typical well-designed sys-
tem, about 45% of the impulse is carried by fA, about 41% is carried by fB, and
about 14% is carried by fC and its harmonics, as shown in Fig. 6.10. Therefore, a
well-tuned system dissipates the 45% of impulse carried by fA and the remaining
55% of impulse carried by the lower frequencies gets transmitted to the supported
structure. However, it should be noted that, even if the lower frequencies are not
dissipated, they serve a useful purpose by transmitting some of the impulse through
the protective structure at a lower velocity. As discussed in Chapter V, one strategy
for blast and impact mitigation is to increase the transmission time so that the peak
pressure (which can then be controlled by impedance mismatch), rather than impulse,
dominates the response of the target.
Finally, in the present implementation, I have analyzed a system with only one
critical frequency, so only the high-frequency, fA, component is dissipated. In princi-
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element 1
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element 3
Figure 6.8: Pressure waves at the beginning, middle, and end of the visco-elastic
layer, in a well-tuned system with fA/fcrit = 1: (a) in time domain, (b) and (c)
in frequency domain. The values of the other groups are given by Ecritρ3/E2ρ2 = 1,
Er/Eu = 0.001, t3/t1 = 100. There are three characteristic frequencies entering the
viso-elastic layer in a tuned system: fA, fB and fC . fB and fC are significantly lower
than fA. A well-tuned system dissipates the energy carried by fA (in element 3, the
stress amplitude at f/fA = 1 merges to zero).
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element 1
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Figure 6.9: Pressure waves at the beginning, middle, and end of the visco-elastic layer,
in a poorly-tuned system with fA/fcrit = 0.01: (a) in time domain, (b) and (c) in
frequency domain. The values of the other groups are given by Ecritρ3/E2ρ2 = 1,
Er/Eu = 0.001, t3/t1 = 100. There are three characteristic frequencies entering the
viso-elastic layer in a tuned system: fA, fB and fC . fB and fC are significantly lower
than fA. A poorly-tuned system cannot dissipate the energy carried by fA (in element
3, the stress amplitude at f/fA = 1 has not changed.)
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a)
b)
Figure 6.10: Spectral analyses of the wave in the first element of the visco-elastic
material in a well-tuned system: about 45% of the impulse in carried by fA (region
A), about 41% is carried by fB (region B), and about 14% is carried by fC and its
harmonics (region C).
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ple, one might consider implementing a design with additional visco-elastic materials,
or with a material having multiple relaxation times, to mitigate the other frequencies
as well.
6.4 Comparison with Elastic and Plastic Designs
To highlight the enhanced performance of the blast-tuned or impact-tuned pro-
tective structure, the performance of alternative approaches relying on only elasticity
or plasticity have also been analyzed, keeping equivalent parameters the same.
6.4.1 Elastic Design
The first case considered is a protective structure consisting of two linear-elastic
layers. Layer 1 has a Young’s modulus of E1, a density of ρ1, and a length of L1.
Layer 2 has a Young’s modulus, of E2, a density of ρ2, and a length of L2. The
plate representing the supported structure has a Young’s modulus of Es, a density of
ρs, and a mass of ms. These dimensions and properties, plus the two characteristics
of the blast/impact, Po and to, make a total of eleven variables and three different
units to describe the propagation of the stress wave through the protective structure.
Therefore, according to the Buckingham-Π theory [111, 128, 19], the resultant pres-
sure must be a function of eight dimensionless groups.
A series of finite-element calculations indicated that six groups could be reason-
ably neglected for the calculations that are presented, leaving Pt as functions of two
dimensionless groups:
Pt
Po
= f
(
ms
ρ1L1 + ρ2L2
,
E1ρ1
E2ρ2
)
. (6.6)
93
The first non-dimensional group is the relative mass of the protected structure
to the mass of the protective structure. I hold the masses equal to provide a valid
comparison:
ms
ρ1L1 + ρ2L2
= 1. (6.7)
The second non-dimensional group, E1ρ1/E2ρ2, is the square of the impedance
mismatch between the first two layers. The transmitted pressure in an elastic sys-
tem can be reduced significantly using impedance mismatch between the two layers,
with E1ρ1/E2ρ2  1. These conditions are met with helmet designs that consist of
an exterior shell made of a high-modulus glassy polymer and an interior made of a
low-impedance, low-density elastic foam.
During the calculations, the remaining six non-critical groups were allowed to vary
within fairly broad ranges:
0.1 < to/t1 < 10,
0.08 < L1/L2 < 10,
5 < E1/E2 < 25, 000,
Es/E2 > 10, 000,
0.8 < ρs/ρ2 < 2,
10−5 < Po/E1 < 0.4.
From a materials design perspective, the above range limits were chosen consid-
ering the elastic design made of a tough plastic polymer with a density in the range
of 900 - 2000 kg/m3 and a Young’s modulus in the range of 0.1 - 5 GPa (first layer),
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and a compliant elastic foam with a density in the range of 10 - 500 kg/m3 and a
Young’s modulus in the range of 0.2 - 2 MPa (second layer), whereas the supporting
structure is made of a hard, dense elastic material with material properties close to
the ones for skull.
As shown in Fig. 6.11, with everything else being equal, the dissipation provided
by a well-tuned visco-elastic system reduces the transmitted pressure more effectively
than an elastic system. Furthermore, the major problem with a design that relies only
on elastic materials is that there is no energy dissipation, so that any reduction in
impulse depends on having a massive protective structure. However, it is noted that
a low impedance for the second layer could increase the time-scale for the transmis-
sion of the impulse sufficiently to make pressure amplitude a more important design
consideration. For inexpensive, low-performance armor and helmets, this is certainly
a possible strategy. Whether it is an appropriate approach, or not, would depend on
the application. Again, even if the design regime is within the range where pressure
is important, the well-tuned visco-elastic design is still more efficient in dissipating
pressure than the elastic design.
6.4.2 Plastic Design
In the design of structures that can directly accommodate a blast without loss of
structural integrity (i.e. a ship’s hull), it is well-recognized that a plastic layer can be
used to dissipate energy [141, 26, 31, 30, 68, 98, 142, 123, 81, 25, 118, 129, 147, 7, 13].
To illustrate this, I considered the performance of a protective structure that relies
on a plastic layer to dissipate energy. As has been established in the papers refer-
enced above, the design of a plastic protective structure relies on a surface layer to
convert impulse to kinetic energy which can then be dissipated by the plastic layer.
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Figure 6.11: The maximum amplitude of the transmitted pressure decreases with in-
creased impedance mismatch between the first and second layers for both the elastic
and well-tuned visco-elastic designs. However, the energy dissipation associated with
visco-elasticity provides a more effective reduction in the amplitude. In these calcu-
lations, the properties of the two elastic layers were identical to the first two layers of
the well-tuned visco-elastic protective structure. The other parameters for the visco-
elastic protective structure were set to fcrit/fA = 1, Er/Eu = 0.001, E
′
critρ3/E2ρ2 = 1
and t3/t1 = 100.
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A light-weight protective structure relies on a foam (or truss) for the plastic layer,
so my analysis assumes a similar form. The surface layer consists of a stiff, elastic
material and the energy-dissipating layer is an elastic/perfectly-plastic foam.
Layer 1 has a Young’s modulus of E1, a density of ρ1, and a length of L1. Layer 2
has a Young’s modulus, of E2, a density of ρ2, a length of L2, a yield strength of σy,
and a densification strain of εdens. The plate representing the supported structure has
a Young’s modulus of Es, a density of ρs, and a mass of ms. These dimensions and
properties, plus the two characteristics of the blast/impact, Po and to, make a total
of twelve variables and three different units to describe the propagation of the stress
wave through the protective structure. Therefore, according to the Buckingham-Π
theory [111, 128, 19], the resultant pressure must be a function of nine dimensionless
groups.
Finite-element calculations indicated that three non-dimensional groups were of
primary importance in determining the energy dissipation while six groups could
be reasonably neglected for the calculations that are presented. Therefore, It is a
function of:
It
Io
= f
(
ms
ρ1L1 + ρ2L2
,
σy(
√
E1ρ1 +
√
E2ρ2)
2Po
√
E2ρ2
,
2σyL2εdensρ1  L1
I2o
)
. (6.8)
The first non-dimensional group is the relative mass of the protected structure to
the mass of the protective structure. To provide a point of comparison between the
different calculations, I set:
ms
ρ1L1 + ρ2L2
= 1. (6.9)
The second group in Eqns. 6.8 is the ratio of the yield stress of the second layer
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to the amplitude of the pressure wave transmitted into that layer. This ratio needs
to be smaller than one, to ensure that efficient plastic deformation of the plastic layer
occurs. If it is larger than one, then the foam behaves in an elastic fashion, as de-
scribed in the previous section. The transmitted pressure also depends on this ratio.
If the ratio is larger than one, the transmitted pressure depends on the impedance
mismatch, as with the elastic protective structure. If the ratio is smaller than one,
the transmitted pressure is limited to the yield strength, σy.
The third non-dimensional group in Eqns. 6.8 that is important in determining
the energy dissipation and the transmitted impulse is what I term the “dissipative
potential” of the protective structure. This is equal to the maximum plastic strain
energy that can be dissipated by the second layer divided by the kinetic energy of
the first layer. Fig. 6.12 shows a plot of how the transmitted impulse varies with this
parameter. When the dissipative potential is small, there is no plastic deformation,
and the transmitted impulse is equal to Io. The fully-dissipative case develops when
the dissipative potential is equal to one, and It/Io becomes 0.5 (within numerical
uncertainty).
During the calculations, the remaining six non-critical groups were allowed to vary
within fairly broad ranges as shown in Eqns. 6.8.
The key point to make here is that, in contrast to the results for visco-elasticity,
the results for plasticity never exhibit a regime where the impulse is transmitted to
the protected structure outside an initial broad pressure wave. Therefore It is always
at least 0.5 and a well-tuned visco-elastic design is again more efficient.
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Figure 6.12: The transmitted impulse decreases as the dissipative potential of the
plastic layer increases. In this calculation σy(
√
E1ρ1 +
√
E2ρ2)/2Po
√
E2ρ2 < 0.1. The
scatter of the points indicates the magnitude of the numerical errors. When the dissi-
pative potential is small, there is no plastic deformation, and the transmitted impulse
is equal to Io. The fully-dissipative case develops when the dissipative potential is
equal to one, and It/Io becomes 0.5.
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6.5 Discussion
Three design strategies were investigated in this chapter:
• An elastic design which can significantly reduce the transmitted pressure using
impedance mismatch. The major problem with a design that relies only on
elastic materials is that there is no energy dissipation, so that any reduction
in impulse depends on having a massive protective structure. This design is
suitable for threats in which the duration of the original impact is relatively
long (compared to the natural period of the brain) leading to move to the
design regime where the amplitude of the transmitted pressure, not the impulse,
is responsible for damage to the brain. Again, the natural period of the brain
is not well understood and making a decision on design regimes is not easy.
• A plastic design which can dissipate the transmitted pressure and the transmit-
ted impulse depending on the ratio of the yield stress of the second layer (foam
layer) to the amplitude of the pressure wave transmitted into that layer and
the dissipative potential of the protective system. The major problems with
a plastic design are as follows. If the yield stress of the foam layer is larger
than the amplitude of the pressure wave transmitted into that layer, no matter
what the dissipative potential of the system is, the foam behaves in an elastic
fashion with no impulse mitigation capabilities. If the impulse generated by the
impact becomes large relative to the the dissipative potential of the system, the
foam may deform beyond its densification strain where the stress-strain curve
rises sharply and the transmitted pressure to the skull may elevate drastically.
Therefore, the protective system may lose its pressure mitigation capabilities.
Also the impulse is always transmitted over a single broad pulse, and the value
of the impulse transmitted during this pulse is always in the range Io to 0.5Io
(considering equal masses for the protected and protective structures), depend-
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ing on the “dissipative potential” of the protective structure. Another problem
with plastic design is that it is limited to a single use.
• A well-tuned visco-elastic design which can effectively minimize the transmit-
ted pressure and the transmitted impulse repeatedly. The effective impulse
transmitted by a well-tuned system in the first pulse can be less than 0.5Io
(considering equal masses for the protected and protective structures).
Fig. 6.13 provides representative illustrations of how the impulse transmitted to
the protected structure varies with time for an elastic protective structure, a fully-
dissipative plastic protective structure, a well-tuned visco-elastic protective structure
and, a poorly-tuned visco-elastic protective structure. For the plastic protective struc-
ture, the impulse is always transmitted over a single broad pulse, and the value of the
impulse transmitted during this pulse is always in the range Io to 0.5Io, depending
on the “dissipative potential” of the protective structure. For the visco-elastic pro-
tective structure, if the impulse transmitted in the initial pulse is greater than 0.5Io,
then there is no further transmission at a later time. However, the effective impulse
transmitted in this first pulse by a well-tuned system can be less than 0.5Io. With
the freely-moving protected structure assumed in the calculations, contact can be
momentarily lost between the protective structure and the protected structure even
with partial transmission of the impulse, and not re-established over a time scale of
relevance.
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Figure 6.13: The total impulse transmitted to the protected structure, as a function
of time. The curves show the results from finite-element calculations with an elastic
protective structure, a fully-dissipative plastic protective structure, a well-tuned visco-
elastic protective structure, and a poorly-tuned visco-elastic protective structure.
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CHAPTER VII
Application: Protection Design Strategies for
Impact-Born Threats
7.1 Impact-Born Threats
There are several impact-born threats causing brain injuries despite the use of
safety helmets. These threats include motorcycle crashes, typical falls/collisions in
football, hockey, baseball, soccer, biking, skateboarding, skiing, and lacrosse, and ac-
cidents for fire fighters and construction workers. For all of these threats, wearing a
helmet can reduce the risk of a severe head injury. However, no helmet design has
been proven to effectively prevent brain injuries. Therefore, there is an urgent need
to battle concussion and in general brain injuries in these threats by proposing more
efficient helmet designs with superior impact mitigation capabilities. To do so, as
explained throughout this thesis, the first step is to study the mechanics of impact in
these threats to identify and calculate the characteristics of impact. Here I am inves-
tigating this step for some selected impact-born threats. Then I proceed to inquire
into the mechanics of damage to the brain as a result of such impacts and to briefly
highlight the mitigation issues in current helmet designs.
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7.2 Impact Characteristics
In Chapter III, I investigated the mechanics of impact for spherical shells with
varying shell thickness to shell outer radius ratios (in the range of 0.005 to 1) and
Poisson’s ratio of 0.3 loaded by a rigid flat plate to derive contact load-deflection
relationships and accordingly, the generalized parametric equations for the character-
istics of impact. I assumed that the isotropic, elastic spherical shell has a Young’s
modulus of E1, a Poisson’s ratio of ν1, an outer radius of R1, a thickness of h1, and a
mass of m1 while the flat plate is rigid. Po (Eqn. 3.30), to (Eqn. 3.34), Io (Eqn. 3.38)
and Fmax (Eqn. 3.27) are the characteristics of the impact in generalized form. As
illustrated in theses equations, the impact characteristics are functions of the relative
velocity (Vo) and the material and geometrical parameters of the spherical shell (E1,
ν1, R1, h1, and m1). C, n, D, and m also depend on the ratio of the shell thickness
to shell outer radius, h1/R1, as reported in Tables 3.1 and 3.2 .
Eqns. 3.30, 3.34, 3.38, and 3.27 can be applied to compute the impact character-
istics for impact-born threats involving
• a collision of a spherical shell-like geometry (eg. helmet, head, ...) to a rigid
flat plate (eg. ground, wall, vehicle windshield, cement barriers, ....), and
• a collision of two identical spherical shell-like geometries (eg. helmet-to-helmet
collision in football).
In the following, the impact load-time history and the impact pressure-time his-
tory for two threats will be plotted to compare the characteristics of impact in these
threats.
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7.2.1 Helmet-to-Helmet Collision in Professional Football
Concussion, or mild Traumatic Brain Injury (mTBI) is the signature injury in
professional football. According to the National Football League (NFL) mTBI com-
mittee [131, 134], a direct helmet-to-helmet impact in head-down tackles may induce
concussion in football players. A typical football helmet is composed of an outer
shell and a foam liner (eg. vinyl nitrile, polyurethane, ...). A football helmet can
be approximated as a spherical half shell with a shell thickness (≈ 4 mm) to outer
radius (≈ 140 mm) ratio of ≈ 0.03. The typical shell is made of polycarbonate (PC)
or acrylonitrile butadiene styrene (ABS) plastic with typical mechanical properties
reported in Table 7.1. In head-down tackles, the striking player lines up his head,
neck, and torso and delivers his force and momentum to the struck player whose
body is aligned more or less perpendicularly to that of the striking player, such that
the struck player’s head or neck receives the full force of the impact. In head-down
tackles in professional football, the mass of the struck player is reported as ≈ 8.5 kg
including the head (4.38 kg), neck (1.06 kg), helmet and face mask (1.92 kg), and
a portion of the torso mass (1.04 kg) and the mass of the striking player is ≈ 14.5
kg including the head, neck, helmet and face mask, and torso (7 kg). The relative
velocity at which the helmets collide is in the range of 9 - 11 m/s [131].
Table 7.1: Mechanical properties of some typical materials used in the structure of
helmets [2].
Material Density
(kg/m3)
Poisson’s
Ratio
Young’s
Modulus
(GPa)
Yield
Strength
(MPa)
Polycarbonate (PC) 1140 - 1210 0.3 2.0 - 2.4 59 - 70
ABS 1010 - 1210 0.3 1.1 - 2.9 19 - 51
Expanded Polyethylene (EPE) 55 0.1 0.02 0.6
For youth players, a football helmet has a shell thickness (≈ 4 mm) to outer radius
(≈ 110 mm) ratio of ≈ 0.04. The maximum relative velocity at which two players
105
collide is considered to be ≈ 7 m/s [131, 133, 134] and the masses of the striking
player and the struck player are assumed to be 20% lower than the ones in profes-
sional football. The assumption is based on the fact that the radius of the head is
roughly following this ratio and therefore, the mass of the head has the same ratio.
Fig. 7.1 and Table 7.2 report the results of calculations for the characteristics of
helmet-to-helmet impact in football (adult and youth).
Table 7.2: The characteristics of helmet-to-helmet impact in football (adult and
youth). The parameters used for adult football: m1 = 8.5 kg, h1 = 4 mm, R1 =
140 mm, E1 = 2.2 GPa, ν1 = 0.3, Vo = 11 m/s, C = 2.39, n = 1.05, D = 0.23 and
m = 0.32. The parameters used for youth football: m1 = 6.5 kg, h1 = 4 mm, R1 =
110 mm, E1 = 2.2 GPa, ν1 = 0.3, Vo = 7 m/s, C = 2.43, n = 1.07, D = 0.24 and m
= 0.32.
Fmax (kN) Po (MPa) to (msec) Io (N.sec)
Adult Football 27.9 4.3 - 18.1 13.4 234
Youth Football 17.7 6.4 - 24.0 10.3 113
As shown in Fig. 7.1, in football helmet-to-helmet collisions, adult players are
exposed to larger impulses, Io, relative to youth players due to the fact that Io is
linearly proportional to m1 and Vo which are both smaller in youth players. There-
fore, impulse mitigation is more effective in adult players. For impulse mitigation,
energy dissipation is required in the helmet. As discussed in Section 5.1.2, one pos-
sible approach for a football helmet for adult players can be a plastic design. In a
plastic design, the plastic deformation is irreversible and limited to single use. Once
an element of material has plastically deformed, it is unavailable to absorb energy
from subsequent stress waves of the same magnitude. A more efficient design strat-
egy for a football helmet for adult players is a well-tuned visco-elastic system that
can reduce the transmitted impulse very effectively and is not limited to single use.
Another limitation with a plastic design in a football helmet is that the yield strength
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a)
b)
Figure 7.1: a) Impact pressure vs. time, and b) impact load vs. time for helmet-to-
helmet collision in head-down tackles in football (adult versus youth). The parameters
used for adult football: m1 = 8.5 kg, h1 = 4 mm, R1 = 140 mm, E1 = 2.2 GPa, ν1 =
0.3, Vo = 11 m/s, C = 2.39, n = 1.05, D = 0.23 and m = 0.32. The parameters used
for youth football: m1 = 6.5 kg, h1 = 4 mm, R1 = 110 mm, E1 = 2.2 GPa, ν1 = 0.3,
Vo = 7 m/s, C = 2.43, n = 1.07, D = 0.24 and m = 0.32. * Po in youth football can
be in the range of 6 - 24 MPa. ** Po in adult football can be in the range of 4 - 17
MPa.
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of the foam liner may be larger than the amplitude of the pressure wave transmitted
into that layer. Therefore, no matter what the dissipative potential of the foam liner
is, the foam would behave in an elastic fashion with no energy dissipation capabilities.
Youth players and adult players experience almost the same overpressure which
has a significant magnitude. Therefore, football helmet has to be effective in mitigat-
ing pressure as well. As discussed in Section 6.4.2, one possible design strategy for
an inexpensive, low performance football helmet can be an elastic design involving
a large impedance mismatch. Elastic design has no energy dissipation to dissipate
impulse. However, a low impedance for the second layer could increase the time-scale
for the transmission of the impulse sufficiently to make pressure amplitude a more
important design consideration. Again, a more efficient design strategy for a football
helmet with superior pressure mitigation capabilities is a well-tuned visco-elastic sys-
tem which can reduce the transmitted pressure even more effectively than an elastic
system. A well-tuned visco-elastic design can also dissipate impulse efficiently.
7.2.2 Typical Collisions in Bicycling
While football tends to dominate the discussion of sports-related head injuries,
research shows that bicycling accidents account for far more traumatic brain injuries
each year [89] considering both helmeted and non-helmeted riders (the data does not
separate out the two situations). Bicyclists are at high risk of colliding with motor
vehicles resulting in impacts between helmeted heads and vehicle windshields (or the
ground or cement barriers). A typical bicycle helmet is composed of a thick foam
liner covered by a very thin polycarbonate coating. The foam of a bicycle helmet
can be approximated as a spherical shell with a shell thickness (≈ 24 mm) to outer
radius (≈ 130 mm) ratio of ≈ 0.18 for adults and with a shell thickness (≈ 24 mm)
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to outer radius (≈ 100 mm) ratio of ≈ 0.24 for children. The typical foam is made of
expanded polyethylene (EPE) with material and mechanical properties reported in
Table 7.1. The mass involved in bicycle accidents can be the mass of the helmet and
head only or the mass of the helmet and the whole (or part of the) body. Therefore,
three values of 5 kg, 25 kg, and 50 kg have been considered for m1 in this study. 5
kg, 25 kg, and 50 kg are assumed to be the mass of head and helmet only, the mass
of head, helmet and a part of the body, and the mass of head, helmet and the whole
body, respectively. The relative velocity at which the helmet collides with a hard
object also depends on the nature of the accident. Thus three different values of 5
m/s, 15 m/s and 25 m/s have been assigned for Vo. 5 m/s is assumed to be related
to a bike rider who rides at the speed of 5 m/s and falls on the ground head first.
15 m/s is assumed to be related to a bike rider who rides at the speed of 5 m/s and
collides with the windshield of a moving vehicle with the speed of 10 m/s. 25 m/s
is assumed to be related to a bike rider who rides at the speed of 5 m/s and collides
with the windshield of a moving vehicle with the speed of 20 m/s.
In the following, the sensitivity of the characteristics of impact (impact over-
pressure, Po, impact duration, to, impact impulse, Io and maximum impact load,
Fmax) in bicycling accidents with respect to varying Vo (5 m/s vs. 15 m/s vs. 25
m/s), varying m1 (5 kg vs. 25 kg vs. 50 kg), and varying R1 (100 mm vs. 130 mm)
are examined and the conclusions can be generalized to any other type of impacts in
impact-born threats. Then, biking accidents in kids and adults will be compared in
particular.
Figs. 7.2, 7.3, and 7.4 show the results of calculations for the characteristics of
helmet-to-rigid flat object impacts in bicycle accidents:
• Fig. 7.2 demonstrates the effect of varying relative velocity, Vo, on the pressure-
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time history profile and the load-time history profile of bicycle helmet impacts.
As the relative velocity increases from 5 m/s to 25 m/s, both impact pressure,
Po, and impulse, Io, increase by 100% and 400%, respectively. Here the other
parameters have been fixed as m1 = 5 kg, h1 = 24 mm, R1 = 130 mm, E1 =
20 MPa, ν1 = 0.1, C = 2.92, n = 1.23, D = 0.42 and m = 0.37.
• Fig. 7.3 reveals the sensitivity of impact characteristics in bicycle accidents to
the mass, m1. As the mass involved in the impact elevates from 5 kg to 50
kg, all three major impact characteristics including pressure, Po, duration, to,
and impulse, Io, increase by 66%, 180% and 900%, respectively. Here the other
parameters have been fixed as Vo = 5 m/s, h1 = 24 mm, R1 = 130 mm, E1 =
20 MPa, ν1 = 0.1, C = 2.92, n = 1.23, D = 0.42 and m = 0.37.
• Fig. 7.4 shows how the pressure-time history profile and the load-time history
profile of bicycle helmet impacts are affected by changing shell outer radius, R1.
As the shell outer radius decreases from 130 mm to 100 mm, impact pressure,
Po, increases by 25% while impulse, Io remains unchanged. Here the other
parameters have been fixed as m1 = 5 kg, h1 = 24 mm, Vo = 5 m/s, E1 = 20
MPa, ν1 = 0.1.
The results above can be generalized for any kind of impacts in impact-born
threats.
The impact characteristics in bicycle accidents for adults versus youths are inves-
tigated considering two different scenarios: an adult bicycle rider wearing a helmet
(h1 = 24 mm, E1 = 20 MPa, ν1 = 0.1, R1 = 130 mm, C = 2.92, n = 1.23, D =
0.42 and m = 0.37) involved in a car accident hits the windshield with a relative
velocity of Vo = 25 with his total mass of m1 = 50 kg; whereas a youth bicycle rider
wearing a helmet (h1 = 24 mm, E1 = 20 MPa, ν1 = 0.1, R1 = 100 mm, C = 2.95, n
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a)
b)
Figure 7.2: a) Impact pressure vs. time, and b) impact load vs. time for helmet-to-
rigid flat plate (windshield, ground, or cement barrier) impacts in bicycle accidents
for three different values of Vo. The other parameters have been fixed as: m1 = 5 kg,
h1 = 24 mm, R1 = 130 mm, E1 = 20 MPa, ν1 = 0.1, C = 2.92, n = 1.23, D = 0.42
and m = 0.37..
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a)
b)
Figure 7.3: a) Impact pressure vs. time, and b) impact load vs. time for helmet-to-
rigid flat plate (windshield, ground, or cement barrier) impacts in bicycle accidents
for three different values of m1. The other parameters have been fixed as: Vo = 5
m/s, h1 = 24 mm, R1 = 130 mm, E1 = 20 MPa, ν1 = 0.1, C = 2.92, n = 1.23, D =
0.42 and m = 0.37.
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a)
b)
Figure 7.4: a) Impact pressure vs. time, and b) impact load vs. time for helmet-to-
rigid flat plate (windshield, ground, or cement barrier) impacts in bicycle accidents
for two different values of R1. R1 = 130mm and R1 = 100mm correspond to an adult
bicycle helmet and a youth bicycle helmet, respectively. The parameters used for the
adult bicycle helmet: m1 = 5 kg, h1 = 24 mm, Vo = 5 m/s, E1 = 20 MPa, ν1 = 0.1,
C = 2.92, n = 1.23, D = 0.42 and m = 0.37. The parameters used for the youth
bicycle helmet: m1 = 5 kg, h1 = 24 mm, Vo = 5 m/s, E1 = 20 MPa, ν1 = 0.1, C =
2.95, n = 1.30, D = 0.51 and m = 0.39.
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= 1.30, D = 0.51 and m = 0.39) involved in a car accident hits the windshield with
a relative velocity of Vo = 15 with his total mass of m1 = 25 kg. Table 7.3 reports
the results of calculations for the characteristics of helmet-to-windshield impacts in
bicycle accidens (adult versus kid).
Table 7.3: The characteristics of helmet-to-windshield impact in bicycle accidents
(adult and youth). The parameters used for an adult bicycle rider: m1 = 50 kg, Vo
= 25 m/s, h1 = 24 mm, E1 = 20 MPa, ν1 = 0.1, R1 = 130 mm, C = 2.92, n = 1.23,
D = 0.42 and m = 0.37. The parameters used for a youth bicycle rider: m1 = 25 kg,
Vo = 15 m/s, h1 = 24 mm, E1 = 20 MPa, ν1 = 0.1, R1 = 100 mm, C = 2.95, n =
1.30, D = 0.51 and m = 0.39.
Fmax (kN) Po (MPa) to (msec) Io (N.sec)
Adult Bicycle Rider 131.2 3.1 - 5.2 38.1 2,980
Youth Bicycle Rider 61.3 2.9 - 4.5 24.4 877
Adult bicycle riders are exposed to larger impulses, Io, relative to youth bicycle
riders which is due to larger mass and velocity associated with adult bicycle riders.
In helmet-to-windshield collisions in bicycle accidents, the impulse, Io, is large
relative to that calculated for helmet-to-helmet collisions in head-down tackles in
professional football. Overpressure, Po, is relatively lower, still holding a significant
value. Again, an elastic design is one possible design strategy for a bicycle helmet to
mitigate pressure. The major problem with an elastic design is that it involves no
energy dissipation to dissipate impulse. Similarly, a plastic design is another possible
design strategy for a bicycle helmet to mitigate pressure and impulse. The major
problem with a plastic design is that plastic deformation is irreversible and limited
to single use. Moreover, in bicycle accidents with small relative velocities and/or
small masses involved, there is a possibility that the impact overpressure becomes
smaller than the yield strength of the foam liner in the helmet and therefore, the
foam remains in the elastic region, experiencing no plastic deformation, no energy
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dissipation and consequently, no impulse mitigation. On the other hand, in bicycle
accidents with large relative velocities and/or large masses involved, there is a possi-
bility that mitigating impulse necessitates either a thick layer of foam (which violates
the design thickness requirements for bicycle helmets), or excessive foam deformation
beyond the densification strain (where the stress-strain curve rises sharply and the
transmitted pressure to the skull may elevate significantly).
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CHAPTER VIII
Conclusions and Future Directions
8.1 Summaries
The research presented in this work has focused on proposing a systematic and
effective design for blast-resistant and impact-resistant protective structure by con-
sidering three mechanics: the mechanics of blast/impact, the mechanics of damage to
the protected structures due to blast/impact, and the mechanics of how to mitigate
effectively the damaging features of blast/impact through the design of protective
structure. Some of the key findings of this research are summarized below:
• The impact behavior of elastic spherical shells with varying shell thickness to
shell outer radius ratios (0.005 - 1) and Poisson ratio of 0.3 was investigated
computationally using a 2D axisymmetric finite element model for spherical
shells subjected to axial compression from a rigid flat plate. Two dimensionless
material and geometrical parameters controlling the contact load-interference
relationship were identified. It was shown how the exponent in the contact
load-interference relationship increases from unity to 1.5 as the shell thickness
to shell outer radius ratio increases from 0.005 to 1.
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• The impact response of spherical shells with varying shell thickness to shell
outer radius ratios subjected to a rigid flat plate was investigated in this re-
search and the generalized parametric formulations for impact characterization
including overpressure, duration, and impulse were developed in terms of mate-
rial and geometrical parameters of the spherical shells and the relative impact
velocities. These formulations are very important in the sense that they pro-
vide useful tools for design optimization and show the sensitivity of each impact
characteristic with respect to material and geometrical parameters of protective
structures. Moreover, they make costly computational and experimental anal-
ysis of impact events unnecessary. Finally, they may suggest the proper design
strategies/regimes.
• The stress induced within a target that is part of a dynamical system, such as the
brain within a skull, is determined either by the directly transmitted pressure,
or by the transmitted impulse. The relative importance of the two depends
on the duration of the pressure wave impinging upon the protected structure
compared to the characteristic time of the dynamic response of the system.
The design of any armor used as protection from blast in military applications,
or by impact in sporting or industrial applications, needs to consider both of
these time scales. Armor can mitigate both the pressure and the impulse. It
can also change the time scale over which a pressure wave is transmitted, so
as to move the design away from one in which impulse needs to be mitigated,
to one in which the pressure needs to be limited. Impedance mismatch can
control the transmitted pressure. Energy dissipation mechanisms can mitigate
the transmitted impulse. Dispersion can increase the interaction time between
the supported structure and the threat, so as to change the damage regime from
one controlled by impulse to one controlled by pressure.
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• Visco-elastic polymers can be used for protection over multiple events. How-
ever, for this concept to be realized, it is necessary for the stress waves traveling
through the armor do so at frequencies corresponding to appropriate dissipa-
tive molecular transitions in the polymers. Typically, the energy of the stress
waves induced by blast or impact is broadly distributed over multiple frequen-
cies. Therefore, this energy must be tuned to a narrow spectrum before it can
be optimally dissipated by the polymer. Here, it is proposed to do this through
a multi-layer design in which the outer layers tune the stress waves to match
the critical damping frequency of the inner visco-elastic layer. As a high fre-
quency stress wave travels through this visco-elastic layer, it undergoes multiple
loading-unloading cycles which can result in significant energy dissipation over
a short duration. A finite-element analysis of this concept has illustrated sev-
eral important constraints on the design. The outer layer needs to have a high
acoustic impedance compared to its neighbor, so that the wave can be tuned
by multiple reflections at the interface between the two layers. The impedance
mismatch must not be so high that the stress waves are transmitted inefficiently
through successive layers. The numerical simulations suggest that an impedance
mismatch of about 70 is optimal. Typically, one would expect to use an outer
layer with a relatively high modulus; but it is recognized that the outer layer
may also have to serve other functional purposes, such as resistance to ballistic
penetration. It is also recognized that in sports applications involving impact,
more compliant helmets may increase the characteristic time for transmission of
an impulse, and move the design space to a regime where dissipation of energy
is less critical.
• There are two significant constraints on the material properties of the visco-
elastic layer used for energy dissipation. First, it needs to have a very low ratio
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of the relaxed modulus to the unrelaxed modulus. This will result in a high
value of tan δ at a critical frequency that matches the tuned frequency from the
first layer. Second, for realistic thicknesses of the outer layer, the critical fre-
quency of the polymer will need to be quite high. For example, if the modulus
of the outer layer is of the order of 1-10 GPa, its density is 1000 kg/m3, and
its thickness is 5 mm, the critical frequency that needs to be damped will be
about 100-300 kHz. This leads to some experimental challenges in identifying
and designing suitable polymers, for it is far above the range of frequencies at
which polymers are typically investigated. However, ultrasonic methods [5] and
dielectric analyses [54] have been used to measure tan δ and the storage and
loss moduli in the MHz range.
• The glass transition is a possible energy-loss peak to explore for these pur-
poses [102, 15], and it is instructive to consider what value of glass-transition
temperature, Tg, measured in the 1 Hz range, might correspond to a glass tran-
sition in the 200 kHz range at an operating temperature of To. This can be
estimated from the WLF equation [138], for a shift factor of 2× 105:
log(2× 105) = 17.5(To − Tg)
52 + To − Tg (8.1)
This expression results in a glass transition temperature measured at 1 Hz which
is about 23 oC below the operating temperature. For example, if the inside of
a helmet is maintained at body temperature, the required glass-transition tem-
perature would be about 14 oC. However, there will obviously be a range of
operating temperatures, depending on the external environment. Fortunately,
the analysis shows that the efficacy of the proposed design is relatively insen-
sitive to fcrit, provided that fcrit/fA > 1 and Er/Eu is very small. In practice,
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this puts an upper bound on Tg of about 20-30
oC below the lowest tempera-
ture that the armor will experience in service. Higher temperatures, within a
reasonable range, will result in the system being within the plateau where the
response is not very sensitive to fcrit/fA. In conclusion, this result would seem
to indicate that there is plenty of flexibility to use even higher tuning frequen-
cies than 200kHz, since the required value of Tg is not particularly low.
8.2 Conclusions
The effective design strategies for impact-resistant protective structures depend
on the relative values for the duration of the impact, the natural period of the target,
and the relaxation times of the target. If the duration of the impact is long relative to
the natural period of the target, then it is the amplitude of the transmitted pressure
that has to be reduced. If the duration of the impact is short relative to the natural
period of the target, then depending on the relative values for the natural period of
the target and the relaxation times of the target, it is either the transmitted impulse
or the amplitude of the transmitted pressure that has to be minimized.
There is a potential efficiency of protective designs that stiffen the “neck”. By
immobilizing (stiffening) the supporting structure (i.e. neck) in a protected structure
(i.e. head), both the damaging features of the blast/impact (including pressure and
impulse) transmitted to the delicate target (i.e. brain) reduce.
The maximum force on the skull does not always correlate with the maximum force
on the brain. The skull and brain accelerations are uncorrelated if the blast/impact
duration is shorter than the natural period of the brain. A practical implication of
this is that a simple measurement of maximum acceleration of a skull gives no in-
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dication of the force that a brain may experience. The instrumented studies of the
helmet-to-helmet impacts in professional football reveal that such impact events give
the impact duration of ≈ 15 ms whereas the characteristic relaxation times in the
brain are in the range of 30 − 1000 ms. Assuming the natural period of the brain
in the same range as its characteristic relaxation times, the current football helmet
designs fall in the region where the skull and brain accelerations are uncorrelated.
This may help to explain why measurements of peak accelerations at the skull fail to
correlate with brain injury.
In football helmet-to-helmet collisions, adult players are exposed to larger im-
pulses relative to youth players. Therefore, impulse mitigation is more effective in
adult players. For impulse mitigation, energy dissipation is required in the helmet.
One possible approach for an inexpensive, low performance football helmet for adult
players can be a plastic design. In a plastic design, the plastic deformation is ir-
reversible and limited to single use. Another limitation with a plastic design in a
football helmet is that the yield strength of the foam liner may be larger than the
amplitude of the pressure wave transmitted into that layer. Therefore, no matter
what the dissipative potential of the foam liner is, the foam would behave in an elas-
tic fashion with no energy dissipation capabilities. A more efficient design strategy
for a football helmet for adult players is a well-tuned visco-elastic system that can
reduce the transmitted impulse very effectively.
In football helmet-to-helmet collisions, youth players and adult players experience
almost the same overpressure which has a significant magnitude. Therefore, football
helmet has to be effective in mitigating pressure as well. One possible design strategy
for an inexpensive, low performance football helmet can be an elastic design involving
a large impedance mismatch. Elastic design has no energy dissipation to dissipate
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impulse. However, a low impedance for the second layer could increase the time-scale
for the transmission of the impulse sufficiently to make pressure amplitude a more
important design consideration. Again, a more efficient design strategy for a football
helmet with superior pressure mitigation capabilities is a well-tuned visco-elastic sys-
tem which can reduce the transmitted pressure even more effectively than an elastic
system.
In helmet-to-windshield collisions in bicycle accidents, impulse is large relative to
the one calculated for helmet-to-helmet collisions in head-down tackles in professional
football. In a bike helmet, a plastic design that actually plastically deforms is a prac-
tical design. In bicycle accidents with large relative velocities and/or large masses
involved, there is a possibility that mitigating impulse necessitates either a thick
layer of foam (which violates the design thickness requirements for bicycle helmets),
or excessive foam deformation beyond the densification strain (where the stress-strain
curve rises sharply and the transmitted pressure to the skull may elevate significantly).
8.3 Future Work
The novel design concept introduced in Chapter VI involved a three-layered pro-
tective structure in which the first and second layers tune the stress waves to three
characteristics frequencies: fA, fB, and fC , among which fA carries the largest per-
centage of energy associated with blast/impact. The third layer is a visco-elastic
polymer having a critical damping frequency matching fA to optimally dissipate the
energy carried by fA. Future investigation can be focused on adding more visco-elastic
layers having critical damping frequencies matching fB and fC in order to dissipate
more energy of blast/impact.
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The finite element analysis of the head and the football helmet (current design
versus proposed well-tuned design) can be performed first considering the 2D cross-
sectional area of head/helmet and then considering 3D finite element modelling of
head/helmet. 2D FE computational approach is valid for comparison-basis and not
prohibitively costly. However, 3D finite element modelling of head/helmet involves
more accurate masses and geometries resulting in more precise absolute values for
translational and rotational accelerations of the brain. Therefore, future investiga-
tion can be focused on performing 2D and 3D finite element modelling of head/helmet
in helmet-to-helmet impacts in professional football.
Experimental investigations can also be performed involving a simple 2D experi-
mental mock-up of a skull/brain system equipped with 2D helmets (the existing design
versus the proposed well-tuned design) to measure shear deformation, translational
velocity, and translational acceleration of the brain. Moreover, future investigation
can rely on building 3D helmet prototypes (the existing design versus the proposed
well-tuned design) and performing impact tests using hybrid III dummy heads and
a drop weight apparatus to measure translational and rotational accelerations in the
dummy head. Additional improvement can be achieved by mounting pressure sensors
in addition to accelerameters in the hybrid III dummy head to record the impact
pressure-time history profile on the surface of the dummy head. This pressure profile
holds valuable information on how much pressure and impulse have been transmitted
through the helmet (the existing design versus the proposed well-tuned design).
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SIMULINK Analysis I
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APPENDIX B
SIMULINK Analysis II
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